A simple mathematical model of Marx’s Economics

Cuong Le Van

November 9, 2025

This note is based on the chapters in Part I and Part II of the book ”"Marx’s
Economics” (Cambridge University Press, 1973) by Michio Morishima.

The quotations come from Karl Marx’s Capital, Progress Publishers, Moscow
(vol.1, 1965).

This note does not cover all the problems raised in Marx economics, such as, the
transformation, reproduction...It must be viewed as an introduction to Marx’s

economics by using mathematics.



Part I: The Labour Theory of Value

Chapter 1: Dual definition of value

We consider a closed economy with 3 commodities. Commodity 1 and com-
modity 2 are capital goods (means of production). Commodity 3 is wage good.

We assume
e To each industry there exists one and only one method of production
e Each industry produces one kind of input.
e There are no primary factors of production other than labour.

Producing the three goods requires capital goods and labour.

Marx thought that values could be determined by technology alone, are not
influenced by changes in wages and prices in the market, as long as the methods
of production chosen remained unaffected. In the book ”Capital” by Marx,

there seem to be two definitions of value, which are:

e (a) 'All that these things now tell us is, that human labour-power has
been expended in their production, that human labour is embodied in
them. When looked at as crystals of this social substance, common to
them all, they are -Values’ (Capital, vol.1, page 38)

e (b) "We see then that that which determines the magnitude of the value of
any article is the amount of labour socially necessary, or the labour-time
socially necessary for its production (Capital, vol.1, p.39)

The aim of this chapter is to give a rigorous proof that the values computed
from these two definitions coincide under the "hidden” assumptions which will
be exhibited in the next chapter.

The technologies

To produce one unit of commodity 1 one needs aj; units of capital good 1, as;
units of capital good 2 and I; hours of labour.

To produce one unit of commodity 2 one needs a2 units of capital good 1, ass
units of capital good 2 and I hours of labour.

To produce one unit of commodity 3 one needs a3 units of capital good 1, ass
units of capital good 2 and I3 hours of labour.

The production process is composed of the lists of input of goods and labour
in these amounts:

(a1i,a2i,l;,7 = 1,2, 3)[ this list is exogenously given |



Values computed with definition (a)

Let A1 denote the value of commodity 1 which is defined as the total amount
of labour (in terms of labor-time) embodied (or materialized) in one unit of
commodity 1. Define similarly the value Ao of commodity 2. The total labour

embodied in each commodity is

Al =a11A1 Fan A+ 1 (1)
A2 = a12A1 + ageXs + o (2)
A3 = a13A\1 + agsg Ao + I3 (3)

Use matrices.
()\1 )\2) - ()\1 AQ) (Z; Z;i) + (11 12) (4)
A3 = ()\1 >\2) <Z;2> +13 (5)

Values computed with definition (b)

The value of a commodity is the total amount of labour to produce a unit of
that commodity with the method of production prevailing in the society.

For instance, in order to have one more unit of capital good 1, a;; units of
capital good 1, ao; units of capital good 2 are required. Suppose the final
production of good 1 is ¢i. This production requires a consumption aj1qi of
good 1, and a consumption in sector 2, ajaqs of good 1.

We suppose there is no need to have more of good 2. But this good must be
produced since it it is necessary for the production of good 1. The quantity of
good 2 equals the consumptions of capital good 2, aglq% and agaqs.

We then have to solve the system

qi = an1qi +apg +1

1 1 1
qo = a21q7 + a224q5

We can write that the net productions equal the demands

gt — (a11q1 + a12q3) =

1
@ — (a21q1 + azgs) =0
Similarly, to have only one more unit of good 2, we solve the system

2 2 2
q1 = 011G + a12G5

q% = amQ% + a22q% +1



In terms of marices

q1 _ [air a2 a 1
() 22) () )
at _[a11 a2 a3 0
)~ ) () )

The total amount of labour necessary to produce one unit of capital good 1 is

p1 = ligt + lags

And for capital good 2
po =gt + lag

Proposition 1 We have \; = p1, Ao = u9

12
ag1 a22 a3 g3

ail  a12 Q} CJ%
Proof: Let A = Denote Q = One can check that
Q=AQ+1

where [ the identity-matrix.
Consider relation (4). Postmultiply this relation by . We get

(A1 A2)Q = (A1 A)AQ + (I 12)Q

Equivalently
(A1 A)(Q@ - AQ) = (Il 1)@
Since Q — AQ = I, we have

(A1 A2) = (1 12)Q = (1 po2)
We have proved A\ = 1, Ao = pz. =

In sector 3 (wage) it is required to have the quantities a3, ags of capital goods
1 and 2. These quantities are obtained by producing in this sector 3, the
quantities x$, 23 of capital goods. They equal the consumption of capital goods

1 and 2 and the final demands a13, as3. Explicitly they solve the system

3 3 3
T = a1y + a12%9 + a3

3 3 3
Ty = A21Tq + 22T + a23

In terms of matrices



The total amount of labor to produce ai3, ass is
w3 = has + lhas + I3
From (5) the value of wage good is
A3 = aiz3A1 + agzAe + 13

Proposition 2 pu3 = A3

3
Proof: Consider again relation (4). Postmultiply it by (13:1))) We get
P

xB x3 xg
(A1 A2) ( };) = (M )\2)14( };) + (I 12) ( };)
x5 x5 x5

Equivalently
3 3
X X
(A1 A2)( :15 —-A :1)) )= (L o) (x:{’ :U%)
L9 Lo
ie.
1
az | _ 3,3
(A1 A2) <a§> = (l1 Ig) (56‘1 962)
or
A3 —l3 = p3 — I3 & A3 = ps.
m

Remark 1 Marz did not establish the positiveness of the values. He took that
for granted.
Moreover, there are hidden assumptions which are:

Assumption H1 for any (I l2) the system (4)

()= (v (20« ()

has a solution.
Assumption H2 for any (f1 f2) > 0 the system

(m) _ (au a12> <x1> n <f1>
To asi az) \x2 fa

has a solution.



Positiveness of the values

Productiveness of the matriz A

The matrix A is said to be productive if there exists 20 € R% \ {0} such that
20 > Az0.

Proposition 3 The following statements are equivalent

e (i) The matriz A is productive
e (ii) There exists 2° > 0, 29 > Ax°

e (iii) For any f > 0, there exists a non negative solution to the equation
r=Ax+ f

Proof: (i)<(ii): from the very definition of productiveness.

(iii)= (ii): take f > 0. Then there exists a solution z° to the equation z =
Ax + f. Obviously 20 > Ax0.

(ii)= (iii): Let 2" > 0 satisfy 2° > Ax0. Take any f > 0. There exists ¢t > 0
sufficiently large, for which we have tz° > Atz® + f. Let o' = Atz® + f. Then
tz® > x'. This implies ' > Az! + f. Define 22 = Az! + f. Then z' > 22 and
2 > Az + f > Ax® + f. Define 23 = Az + f and so on.

We construct a decreasing sequence (tz°, 2!, 2, ...,) bounded below by f.Thus
"™ — x > 0 which satisfies z = Az + f. =

Lemma 1 Assume H1. Then if A is productive then the transposed ‘A is
productive.

Assume H2. Then if ' A is productive then A is productive.

Consequently, if we assume H1 and H2 then A is productive iff ' A is productive.

Proof: Let A be productive. Let g = (g1 ¢2) > 0. Then the equation
y = yA+ g has a solution (because of H1). Take f > 0. Then there exists z > 0
solution to = Az + f. This leads to

yr =yAzr +yf
and
yr = yAzr + gx
Hence
yf =gz >0

1 0
Take successively f = <O) Jf= <1>

We have y > 0 and y > yA <!y >t Aly. That means ‘A is productive.
We use the same kind of proof to have the converse, when we assume H2.



Proposition 4 Assume HI1 and H2. Assume also A productive and a;; >
0,Vi,j. Assume a1z > 0,a03 > 0,11 > 0,lo > 0,l3 > 0. Then the values
A1, A2, A3, W1, o, p3 exist and are strictly positive.

Proof: Since (A1 A2) is a non negative solution to (4), and since (I1,l2) >> 0
they are actually strictly positive. From (5), A3 > 0.
Under H1 and H2, (1, 2, 13) exist and equal (A1, A2, Az). =

Remark 2 We will prove that the values are actually unique when we have

only two capital goods.

ailp ai2

Lemma 2 Assume A =
a1 Q22

) productive. Assume also a;; > 0,Y1,j.Then
I — A is invertible.
Proof: Let z¥ satisfy 20 > Az? i.e.

0 0 0
Ty > a11r] + a2y

xg > aglx(l] + agga:g
This leads to
(1 —-a11) >0, (1 —ag) >0, :B(l)[(l —a11)(1 — ag) —ajzag] >0
But det(I — A) = [(1 —a11)(1 — a2) — a12a21] > 0. =m

A general proof is given in the appendix.

Lemma 3 If A is productive, then for any f > 0 there exists a unique positive
solution to the equation x = Ax + f.

Proof: Since A is productive, there exists a positive solution to the equation
x = Az + f. Since I — A is invertible, this solution is unique. m

Proposition 5 Assume A productive and a;; > 0,V1, 5. Assume aiz > 0, a23 >
0,11 > 0,12 > 0,13 > 0. Then the values A1, A2, A3, w1, po, 13 exrist, are unique

and strictly positive.

We say that a society is capitalist if the technology (ai;),i = 1,2,3; j = 1,2
prevails in this society.



This society is said to be viable if there exists a system of prices and wage
(p1,p2,p3, w) > 0 which satisfy

p1 > p1a11 + paag1 + wly
P2 > p1a12 + paaga + wlo
p3 > prai3 + paaq3 + wli

That means using this system of prices and wage to evaluate, the cost of a
production process is less than the prices of its output.
But observe

p1 > p1a11 + paag1 + wly
P2 > p1a12 + paaga + wls

imply

p1 > p1ail + p2agi
P2 > p1a12 + P2a22

Conversely if we have

P1 > pi1a11 + p2a21
P2 > p1a12 + p2a22

then society is viable if w is small and p3 is large enough.
But

P1 > p1a11 + p2a21
P2 > p1a12 + p2a22

can be written as p > pA, i.e. ‘A is productive. We have the following result

Proposition 6 The capitalist society is viable iff the technology ‘A is produc-
tive, or equivalently A is productive.

The proof is immediate.
An example

a a
Let A= < H 12) with a;; > 0,7, j. We assume aq11+a12 < 1, a1 +az < 1.
a1 a2



e Show that (I — A)~t = Y7 An,

e Show that A is productive

e Give a proof that the values (\;),7 = 1,2, 3, are strictly positive if I1, 2,3
are strictly positive.

e Give an interpretation of the conditions a11 + a12 < 1, ag1 + age < 1.

What happens when [; decreases?

Suppose that 1 passes to [] < 1 while the labour-time /> remains unchanged.Marx
could not give a definite answer. Here we can with the mathematical formal-
ization of Marx’s model.

In the following propositions, we assume that A >> 0,1 —a1; > 0,1 — a9 > 0,
(I — A) is invertible, the labour times (I1,l2,(3) are strictly positive.

Proposition 7 Suppose that 11 falls by dly < 0. Then A1, \o fall too, i.e. Aq
passes to A\] < A1 and \j passes to A5 < Aa.
Moreover
X
AN

(the relative fall of Ay is smaller than the fall of \1.)

Proof: The falls of A\i, \s satisfy the equations

A iy (), (dn
) A 0

Tedious computations give
a12dMq
(1 — as2)
[(1—a11)(1 — ag) — a12az1]d\ = (1 — age)dly

dhg =

From the proof of Lemma 2, (1 — aj1)(1 — age) — ajgaz > 0, (1 — ag) > 0.
Hence d\; < 0,dX\y < 0.

Now
& N (,‘ng)\*l< + a22>\§ + lg

A2 anpAi +ags + 1
Set AT = pA1, A5 = pAo, p <1, < 1. We then get

plaras + agade + lo] = a12pA1 + agepds + lo

and then
(k= plaraAr = lo(1 —p) >0
Thus p>p. =

Obviously, we have also this result



Proposition 8 Suppose that ls falls by dls < 0. Then A1, Xo fall too, i.e. Iy
passes to A7 < A1 and N3 passes to A5 < Aa.
Moreover . .
Al A3
—_ > —=
Al A

(the relative fall of A\ is smaller than the fall of X\a.)

Proposition 9 If the coefficient ai1 decreases (the production technology for
capital good 1 is more efficient) then the values A1, Ay decreases. The relative
diminution of A1 is lower than the relative diminution of As.

If the coefficient age decreases (the production technology for capital good 2 is
more efficient) then the values A1, Ao decreases. The relative diminution of Ao

s lower than the relative diminution of \i.

Proof: The values \i, A2 solve the system (4). Tedious computations give

M[(1—a11)(1 — age) — ai2a21] = a2ils + (1 — age)l

a2 l2
Ao = A
27 (1 - aw) 1—1_1—0022

Recall that from our assumptions D = [(1—a11)(1—ag) —aj2a21] > 0,1 —a >
0. Suppose dai; < 0. One gets

1 ax
A

dair = dA\1 < 0= dl <0

Since
& N (112)\1< + a22/\§ + lg

A2 aip\ +agda +
set AT = pA1, A5 = pda, p < 1,1 < 1. We then get

plaias + agede + lo] = a12pA1 + agepda + lo

and then
(k= plaradr = lo(1 —p) >0

Thus p > p.
Similarly, we get the second result. m

About the ’organic composition of capital’

We quote Marx (Capital, vol.1, p.612)): > The composition of capital is to be
understood in two-fold sense. On the side of wvalue, it is determined by the
proportion in which it is divided into constant capital or value of the means
of production, and variable capital or value of labour-power, the sum of total

wages. On the side of material, as it functions in the process of production, all

10



capital is divided into means of production and living labour-power. This latter
composition is determined by the relation between the mass of production em-
ployed, on the one hand, and the mass of labour necessary for their employment
on the other. I call the former the value-composition, the latter the technical
composition of capital. Between the two there is a strict correlation. To express
this, I call the value-composition of capital, in so far as it is determined by its
technical composition and mirrors the changes of the latter, the organic compo-
sition of capital’.

Let b be the amount of wage good which is necessary to produce one unit of

labour-power. Then the value-compositions are

A A
for good 1, ky = A + a2z

bAsly
a12A1 + a2
f d2, k= """~
or good 2, ko il
a13A1 + a3
fi d3, ks =" ——"— -
or good 3, k3 DAl

Recall we have

(M1 A2) = (M1 M) A+ (h Io) & (M da) = (b)) (T =" A)7"
A3 = (A1 A2) (%3) +lze =1 L)IT-tA)™! <a13> Yl

az3 as3
Define
0; =bXgl;, 1=1,2,3
We get
0 = bl;[(11 l2)(I _t A)_1 <a13> + I3]
a3
Define also

_ a
n1 = a11A1 + ag1 g = (ll ZQ)(I _t A) 1 <a11>
21

_ a
N9 = @121 + a9y = (ll lg)([ _t A) 1 <a12>
22

_ a
N3 = a13A1 + a23A\g = (l1 ZQ)(I _t A) 1 <a13>
23

We then obtain

for good 1, k1 = ™
01

for good 2, ky = 2
02

for good 3, k3 = 13
03

11



That are the relations between the value-compositions and technical composi-
tions of capital.

12



Chapter 2: Value, use-value and exchange-value

We quote Marx (Capital, vol.1, p.35,p.36, p.41, 85, p.87):

> A commodity is, in the first place, an object outside us, a thing that by its prop-
erties satisfies human wants of some sort or another. The nature of such wants,
whether, for instance, they spring from the stomach or some fancy, makes no
difference.’ "The utility of a thing makes it a use-value... This property of a com-
modity is independent of the amount of labour required to appropriate its useful
qualities...’

'In order to produce the latter [commodities], he must not only produce use-
values, but use-values for others, social use-values...Lastly nothing can have
value, without being an object of utility.’

His commodity posses for himself [the owner of the commodity] no immediate
use-value. Otherwise, he would not bring it to the maeket. It has use-value
for others; but for himself its only direct use-value is that being a depository of
exchange-value, and consequently, a means of exchange. All commodities are
non use-values for their owners, and use-values for their non-owners. Conse-
quently, they must all change hands.’

Because of these writings of Marx, Morishima believes that 'Marx would have
accepted the marginal utility theory of consumer’s demand if it had become
known to him.’

Let us accept this belief of Morishima.

Equilibrium

We consider an individual with utility function u(z1,z2,x3). Her/his initial
endowments of goods are (Z1,Z2,Z3). Let v; denote the non-use-value of com-
modity ¢ for this individual. We suppose that v; = vp; where p; is the exchange
value of commodity ¢. The individual with maximize the sum of utililty and

the total of non-use-value which is
u(zy, x9, x3) + vp1(T1 — x1) + vpa(To — x2) + vp3(ZTz — x3)

We suppose the utility function is strictly concave, strictly increasing and sat-

isfies Inada conditions. The FOC are
1 _ Y2 _Us_ (8)
b1 b2 b3

We make the following assumption: there exists no ’exploitation’ of the workers

or equivalently the labourers are fully paid, i.e.

p1 = p1a11 + peaz +wh 9)
P2 = p1ai2 + paagz + wly (10)
p3 = p1a13 + paag3 + wl3 (11)

13



Comparing with (4) and since the matrix A is productive we obtain

PL_y, B2o,, Boy (12)
w w w

Let IV be the total number of labourers. The consumption at subsistence level
of the labourers is exogenously given and equals b. Each individual works T’
hours a day. The level of consumption of the worker is g = %. The total
demand for wage good is

wT

D=Ngb=N—
b3
The equilibrium condition between demand and supply for wage is
xr3 = D (13)

. The production of x3 amount of wage good induces a production of capital

D)
T2 Z2 a23

Recall the equations determining the values

goods:

(M X)) = (I Ip)(I -t AL (15)
A3 = A1a13 + Agag3 + I3 (16)

The last equation is the total demand for labor equals the total supply
21l1 + xolo + x3l3 = NT (17)

The equations (13), (14) determine x1(\3), x2(A3), z3(A3). The system com-
posed by (9), (10), (11) associated with (12) is equivalent to the system com-
posed by (15), (16). Finally, equation (17) gives the value of A3. Jointly with
(15), (16) we determine A1, Ag. If we fix w = 1 we determine pi, pa, p3 by using
(17) and (12).

14



The Theory of Exploitation

Chapter 3: Surplus value and exploitation

We cite here Morishima: ” Marx considered exploitation as necessary for the
maintenance of capitalist society. In fact, capitalists exploit workers by mak-
ing them work longer than the hours required to produce the amounts of wage
goods which they can buy with the wages they receive; thus surplus outputs
are produced, which are source of profits. As capitalists would not be inter-
ested in their enterprises if they did not bring forth positive profits, they have
a fundamental tendency towards exploitation”.

What is exploitation? There are three definitions of rate exploitation. We
will show that they are equal.

Rate of exploitation: definition 1

Let b denote the daily means of subsistence of the labourer. Let T be the pre-
vailing length of the working day. The labour-time to obtain b is Agb. The first
definition of rate of exploitation is

Unpaid labour T — A3b 1 —wA3b
Paid labour — AXsb  wlsb

€1 =

where w = %

We cite Marx: ’ On the basis of capitalist production...this necessary labour
[Asb] can form a part only of the working-day [T] the working-day itself can
never be reduced to this minimum ( Capital, vol.1, p.232.) Thus Marx made the

basic assumption of the theory of exploitation: T" > bAs.

Rate of exploitation: definition 2
Let N labourers who work T hours a day. They constitute the labour-power.
In order to maintain them at the subsistence level, they must produce bN
amounts of wage goods per day. The capital goods required are bN (alg).

a23
These demands for capital goods from wage-good sector have repercussions on

the capital good industries. The capital goods Z1,Zo will be produced:

()= ()
) a23

Let N be the number of necessary labourers. The total labourer-time required
for the production of the wage goods is

TN =1Z1 + loZa + lng

15



The surplus of labourers N — N are unnecessary and work for the benefit of the
capitalists. The second definition of the rate of exploitation is

B TN —TN _ Total surplus labour
N TN ~ Socially necessary labour

€2

Let us compute the value of es. We have

x

TN = (4 b) < ) + bNl;

T2

= (i B[ —A)"bN (‘”3>} + N
a3

— (4 L)bN[I — A)™! <‘“3) + 1]

a23
Since
M= (O ) (“13> + 13
a23
= (4 LI -A)"! (‘“3> + 13
a23
We get
TN = bA\sN
and

TN —-TN 1—wkb
CTTIN T Toah
Rate of exploitation: definition 3

The third definition of rate of exploitation is

Total surplus value

= Total value of labour-power

We will explicit the total surplus value and the total value of labour-power.
The labour power is represented by the number N of labourers. For the sub-
sistence level of them, the wage-good industries must produce bN wage-goods
and outputs (z1,z2) of capital goods, 3 of wage good. The total employment
is

TN = z1l1 + xolsy + x3l3

Th capital goods required are

k
T = a11T1 + a12x2 + a1373

*
Ty = a21T1 + a22T2 + 2373

16



The surplus products of capital goods are given by (z1 — z7,z2 — 3) and for
wage good (z3 — bN).
The surplus value is
)\1($1 — .IT) + /\2(%2 — x;) + /\3(%3 — bN)

The total value of labour-power is A3bN.
Recall that

)\3 = a13)\1 + agg)\g + lg

A1 =anA +a A+ 1y

Ao = a12A1 + agede + Iz
Tedious computations yield

)\1(1‘1—.%"{)—F/\Q(.’Bg—l‘;)—i-/\g(xg—b]v) =1l +$2l2+$3l3—)\3l)N = TN—)\ng

Hence _ _
B TN — A\3bN B 1—wAsd B

S W v W)

Recall w = %
The following assumption is very important: The wage rate w is at least as
high as the subsistence level, so that the labourer can buy wb amounts of wage

good by spending his hourly wages, i.e.
Tw > p3b

Proposition 10 Assume Tw > p3b.

The capitalist system is viable iff there is exploitation.

Proof: (i) Suppose the capitalist system is viable, i.e. there exists prices and

wage system (p1, p2, p3, w) for which every industry makes profits
(p1 p2) > (p1 p2)A+w(ly l2)
p3 > praiz + paags + wlis

Since w > pswb we have

ai; a2 a3
(pl P2 p3) > (pl p2 p3) az1 G2 a13
wbl1 wblz wbl3

T
Therefore there exist | x5 | s.t.

€3
U] aip a2 a13 T
T2 | > | a1 a2 Q13 T2
T3 wbh wblg wbl3 I3

17



and

x1 a1 a2 a3 x1
(/\1 A2 )\3> ) >()\1 A2 )\3> a1 a2 a3 )
T3 wbh wblg wblg T3

From this inequality one gets

0< ( ()\1 )\2> (i;) -+ )\31’3) — <)\1 )\2> (A (i;) + x3 <Z;z> ) — )xgwb(l1$1 + lhxo + l3x3)

= €w>\3b(l1$1 + loxy + 131‘3)

Hence e > 0.
(ii) To prove the converse. Assume e > 0.

Observe, since we have

()\1 )\2) - ()\1 AQ) A+ (L )
A3 = Aia1s + Aoaos + I3
(1 + e)wb)\g =1

We get

(M x) > (M 2o) At dgwb(ly 1)
A3 > Aai3 + Asasg + Agwbls

Take (p1 p2 p3) = (M1 A2 A3) and w = Agwb. We see that the capitalist
system is viable with this system (p1, p2, p3, w)(the profits are positive in any
sector). m

To sum up: to have a positive rate of exploitation, the capitalist society must
be viable. This implies a productive technology. The value of wage good must
be low enough to make the value of means of subsistence A3b less than the

working-day 7.
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Chapter 4: The rate of profit

We consider a long-run equilibrium. The rates of profit are equalized in all the
sectors. Denote by 7 this rate of profit. We have

(pl p2) =(1+ W)((pl pz) A+w (ll lz))
p3 = (1 + 7)(pra13 + paag3 + wl3)

Recall we have w = p3wb, where w = %

Recall that 1 = (1 + e)Agwb. The value-determining equations are

()\1 AQ) - ()\1 AQ) A+ (1 + e)Aswh] (11 52)
Az = a1sA1 + agzAa + [(1 + e)Aswbd)ls

We check that we have

()\1 )\2) <+ e)[()\l AQ) A+ Agwb (zl 12)] (18)
Az < (1 + 8)[)\1(113 + Agasgg + Agwblg] (19)

Denote

A:()\l Ao Ag)

a1 a2 a3
M= | a ax a
wbly  wbly wls

The system (18), (19) can be wriitten as
(/\1 o )\3) <(1+e) (/\1 o >\3> M

Lemma 4 There exists no x € R \ {0} which satisfies v = (1 + f)Mzx for
some f > e.

Proof: Indeed if such an x exists, then we have a contradiction
Ar < (1+e)AMzx < (1+ f)AMz = Ax

m Observe we have the following price-determining equations

(pl pz) =(1+ 77)[(]91 p2> A+ p3wb (M )\2)]
p3 = (1 + 7)[p1a13 + paas3 + p3wbls]

or in more compact form

(Pl D2 P3> = (1+m) (pl P2 ps) M (20)

We now establish Marx’s main result.
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Proposition 11 Then the rate of profit is less than the rate of exploitation e.

Proof: Lets z € R3 satisfy z = (1 + 7) M.
Assume the contrary m > e. From Lemma 4, this vector x must contain negative

components. Let x* denote the vector by replacing the negative components of
x by 0. Then, Mz* > 0, Mx* > Mx. Then

< (1+m)Mzx*
Actually, by Lemma (4) we have
zt < (1+m)Mz*

Hence
(p1 P2 pg) ot < (L+m) (p1 P2 pg) Ma*
However from (20) we have

(pl D2 p3) z* = (1+m) (pl P2 p3> Mz*

a contradiction. Hence 7 < e.
In the state of equilibrium, workers are inevitably exploited by capitalists with
a rate larger than the rate of profit. m

Proposition 12 Suppose that no sector makes negative profit. In this case we

have
pr/w > A, p2/w > Ao

Proof: We have
(p1/w  pa/w)(I — A) > (I o)

Since the matrix A is productive, (I — A)~! is strictly positive. We then have

(p1/w p2/w) > (I L)(I — A)~!

Recall we also have
(M X)) = (I Ip)(I —A)~!

Hence p1/w > Ai,p2/w > Xo. ®

The following result is not mentioned in Morishima. Is it in Marx’s Capital 1117

Proposition 13 Assume that no sector makes negative profit. Then e =7 <

T=e=0

Proof: Recall
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b
o Tw>p3be 1>
e A3 = \jai3 + Aoaos + I3

_ b3
° - b3
1+m p1a1z+p2az3+wls

Therefore
D3

p1a13 + paaz3 + wl3

(p3/w) <P lte
A1a13 + Aoaos + 13 WA3 wAzb

147 =

If e = 7 then

P3
p1a13 + paaz3 + wliz
(p3/w) I Z R
Aa13 + doags +13  wA3  wizb

1+7m =

1+e

We claim that p;/w = A1, pa/w = Ag. Indeed, suppose p;/w > A;. In this case

we have a contradiction

b3
p1ai3 + paazz + wi3
(p3/w) ps 1

< = = =
Aa13 + Agaos + 13 WA3 wAsb

147 =

1+e

This implies 7 < e.
Since

(mr/w pofw) = Q+m((m/w p/w) A+ (b 1))

and p1/w = A1, p2/w = Ay we obtain

<)\1 )\2) - +7r)(<)\1 )\2) A+ (11 12))

But the values determination equation gives

()\1 AQ) - ()\1 AQ)A+ (i bo)

Gather the two previous equations:

(M %) =a+m((n 2))

This implies m = 0. Since we assume ¢ = 7w, hence e =0. ®
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Chapter 5: The Law of Falling Rate of profit

”The gradual growth of constant capital in relation to variable capital must
necessaily lead to a gradual fall of the general rate of profit, so long as the rate
of surplus-value, or the intensity of exploitation of labour by capital, remain
the same’ (Capital, 111, p.212)

Let e denote the rate of exploitation. Recall: (1 + e)wAszb = 1, where w = %
Define the constant capitals Cy,Co, Cs, CV,C5, C% and the variable capitals

Vi, Vo, Va, VI, VY, V.
Fori=1,2,3, C; = Maq; + Aaas;, CZP = p1a1; + p2a9;
Vi = wAsbl;, Vip = wpsbl;
We define the profits
I = pi — (CY + V)
and the surplus
Si=Xi—(C; +V;) =€V,
To understand the last equalities, recall
Xi = Ci+1; = Ci + (Aswb)l; + (eAgwb)l; = C; + Vi + S,
with S; = (eAswbd)l;.
Lemma 5 Assume w1 = p3b, i.e. wages are fized a a level at which workers

can only purchase the daily means of subsistence b. We assume also that workers

must work T hours a day.
S _ S _ Ss
Assume =1 =ia

Then \; = ap;, for everyi=1,2,3.

= .

For a proof, refer to Marx’s Economics by Michio Morishima, p.73
Proposition 14 (The law of falling rate of profit) Assume
o wl = p3b

SL_ S _ S,

* I T I, T I

e The exploitation rate e is constant.

Then the rate of profit in sector i decreases if % increases.

Proof: Under these assumptions we have C; = aC?,V; = aV’. Therefore

I1; S;
7‘(‘i = =
CY+VP+S! Ci+Vi+ S
ev; e

Cit(1+e)Vi Ci/Vit(1te)

Hence m; decreases if % increases. ®m
1
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Appendix

Let A = (a4),i = 1,...,n;j = 1,...,n be a n x n matrix which satisfies
a;; > 0,Vi, j.

We say that A is productive if there exists p € R’} , such that p > Ap in the
sense the vector p — Ap has strictly positive components.

The proof of the following lemma is borrowed from Wikipedia.

Lemma 6 A is productive iff the matriz (I — A)~" exists and has no negative

coefficients.

Proof: (i) We prove: if (I — A)~! exists and has no negative coefficients, then
A is productive.
Indeed, take g € R} ;. Let p = (I — A)~1g. Then p >> 0. We have (I — A)p =
q > 0. Thus A is productive.
(ii) Now suppose A productive and (I — A)~! does not exist. Let p € R"
satisfy p > Ap. Define v = p— Ap. Then v, > 0,Vk. Let Z = ker(I — A). There
must exist z € Z with z; > 0.
Define ¢ = sup; 1% We can find k such that ¢ = ;—i. Then

n n

n
0 <cop=cpr— Z akiCp; = 2k — Z aricp; < zp — Z agizi =0
i=1 i=1 i=1
We have a contradiction. Hence I — A is invertible.
We now prove that the coefficients of (I — A)~! are non negative. Suppose the
contrary. This matrix has a negative coefficient. In his case there exists a vector

x > 0 such that the vector y = (I — A)~'x has at least a negative component.
Define

—Yi
¢ = sup
i D

Suppose ¢ = %’;’“. We have

n n
0 < cvp = c(pr — Zakipi) < Yk + Zakz‘yz’ =2, <0
=1 =1

We have a contradiction. Hence, the coefficients of (I — A)~! are non negative.
]
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