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Abstract

We consider a general equilibrium model in asset markets with a countable
set of states and expected risk averse utilities. The agents do not have the
same beliefs. We use the methods in Le Van - Truong Xuan (JME, 2001)
but one of their assumption which is crucial for obtaining their result
cannot be accepted in our model when the number of states is countable.
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1 Introduction

Expected utility with additive probability theories, e.g, Savage’s (1954) and
Anscombe and Aumann’s (1963) are known as standard formulation of decision
under uncertainty. Since the seminal paper of Hart (1974), the question of ex-
istence of equilibrium in the unbounded securities exchange model has been a
subject of much development. In finite dimension economies, one of a crucial
assumption interpreted as a no-arbitrage-condition be used to prove the com-
pactness of the individually rational utility (see,e.g, Werner 1987, Nielsen 1989,
Page and Wooders 1996, Allouch et al. 2002). This assumption together with
other standard assumptions are sufficient condition for the existence of equilib-
rium. However, in infinite dimension economies, the no-arbitrage condition are
not sufficient to ensure the compactness of the utility set. Therefore, to find the
conditions for which the compactness of utility set holds is interested by many
authors. (e.g,Cheng 1991, Dana et al, (1999), Dana and LeVan 2000). Recently,
Le Van and Truong Xuan (2001) have proved the compactness of utility set (
and hence the existence of equilibrium followed), in asset market with consump-
tion set equal to LP, separable utilities and the continuum states which belong
to [0,1]. Following this direction, we consider a general equilibrium model in
asset markets with a countable set of states and expected risk-averse utilities.
The agents do not have the same beliefs. We use the methods in Le Van -
Truong Xuan (2001) but one of their assumption which is crucial for obtain-
ing their result cannot be accepted in our model when the number of states is
countable. Moreover, by assuming the existence of a common marginal utility
price, the proof we give is more natural and simple than the one given in Le
Van and Truong Xuan (2001). The existence of a quasi-equilibrium in L! can
be also derived.

The paper is organized as follows. In Section 2, we give a proof of existence
of equilibrium in a model with expected risk-averse utilities the number of states
is infinitely countable. Section 3 we consider the case of continuum states as in
Le Van and Truong Xuan (2001) but we relax one of their crucial assumption.
Section 4 prove the existence of equilibrium in the case of finite number of states
by exploiting the similarity of NUBA and WNMA.

2 The model with infinitely countable states

First, we consider the case where the set of states possible is countable. There
are m agents indexed by 1,...,m. Each agent has a probability (%)%,
the set A := {m € R® : %7, = 1}. Let us denote the probability 7 =

LS~ 7w, a consumption set X* = LP(rm) with 1 < p < co and an endowment

in

e! € LP(mr). We assume that for each agent i, there exists a concave, strictly



increasing function v’ from R to R and consumer i choose a portfolio z' =
(%)%, € LP(7) to solve the problem

We recall the notion set of individually rational attainable allocations A is
defined by

A={@") e (@)™ 2" =D € and U'(z') = U'(e") for all i}
=1 =1

The individually rational utility set U is defined by
U= {(v1,v2, ..., 0m) ER™| Tz € A st U'(e) <v' <U'(x") foralli.}

Let us denote, for each agent i, a’ := inf u”(z), b* := supu’(z).

Assumption 1 Jp € (LP)*, I(\;) € R, I(zt,...,2™) € A such that: ¥ i,s,
ps = Mmiu® (zL) and

irslf u'(TL) = m' > a’

supu’(T}) = M* < b'

S

Remark From the assumption 1, we know that all the probabilities 7* are
equivalences and hence equivalences with 7.

Assumption 2 For alli=1,2,...,m, b’ = +o0.

Proposition 1 With the assumption 1 there exists C' > 0 such that for all
(x',...,2™) € A, we have:

00 ‘
> palai] < C
s=1

for all i.

Proof: From the condition V i a® < m® = infs u?(z!) < sup, u¥(z}) = M* < b,
there exist n > 0 such that

at < u(@)(1 4 1) < b (1)

for all 4.
Then we define the price ¢ such that, Vi, j,

g = N (@) (1+n)
= Nmlu!' (F])(1+n).



It follows from ( 1) that, for each i, there exist z* € L® such that Vs, q¢s =

A\iu” (). Note that

Vs, ps < gs.
Denote
T it *>0
Oifz <0
i —zt if 2 <0
T D= .
0if2*>0

From the concavity of the utility function u* we have
o o
i Zﬂ;uz(ﬁ) -\ Zﬂ';ul(l‘?—) > N\ Zﬂ’ @) (T — 2th),
s=1 s=1
o o
i Z il (ZL) — N Z mlut(—2t7)
s=1 s=1

Therefore,

v

)\Zﬂ”’ Z z—l—x)

Ai sz "(Z)e'T < AiZWé[ui(Ei)Jrui(fi)—ui(x?)—ui(wi_)]

_)\Zﬂ_z il Z+)\Z7TZ i

which implies

quxi_ < )\Z[UZ(EZ)"FUZ( Z ZQSZ +Zps o
s=1

< N[UIE)+ U quz —|—Zps i+
Hence, Vi,
Z<QS - ps)mlg_ <C'+ ZPSJZZS
s=1 s=1
where
Ot = N[UYZY) + UYTY) — U'(eY)).
Thus we have
Y (gs—po)al < ZCZ + Z Zps
i=1 s=1 i=1 s=1

= ZC” —f—zpséi = (1.
=1 s=1



Since 2%~ > 0,Vi, s, we get

o0
Z(QS - ps)xzs_ <C
s=1
for all 7. We also have
m o ) ) oo
Z Z(Qs —pg)(wy" —ay) = Z(QS — Ps)es
i=1 s=1 s=1
which implies
m oo ) o0 m o0 )
DY (g —po)att =D (gs—p)Es — > (s — poal
=1 s=1 s=1 =1 s=1
< (O
Thus
w .
D (ge—po)ai| <C14+Cy=:C
s=1

which implies

)
> pail < C.
s=1

Remark 1. The condition (T') € L™ is not sufficient for the existence of
Assumption 1, because the utility function can be linear by pieces.
2. In the proof of boundedness above, we used the property U'(x?) > Ui(e?).
However, We can use a weaker assumption that there exists a constant a such
that U'(z%) > a for all i.

Note that ps = \wiu?(T8) > N\imim?, so there exist the constant C' > 0 such

that:
o0
> mlzg <C
s=1
with all (z!,22,...,2™) € A. From this property and by using Jensen’s in-

equality, we have the following Lemma

Lemma 1 There exists C > 0 such that for all (z*,2%,...,2™) € A, Ui(2?) <
C

Thus we get the following Theorem which will be used later.

Theorem 1 With the assumptions 1 and 2, in the case X' = L*(x), for all
€ > 0, there exists N > 0 such that

o0

Z mial] < e

s=N

for all (z*,22,...,2™) € A, for all i.



Proof: Assume the contrary, there exists a sequence (z'(n), 2%(n), ...,2™(n)) €
A and a constant ¢ > 0 such that

0 .
PEADIES
S=n

Without loosing of the generality, we can suppose that Y o0 |z%(n)| — ¢ > 0.

We can assume that there exists ¢ limp oo Yoo, |2k = ¢ > 0 = limy, o0 Yoo, mhziT (n)—
limy, oo Yoo, mext™(n) = c. For every s, 3j such that zl(n) < —‘/"“lsm%éf". There

is an finite j # 4, then for the simplicity, we can assume that there exists j fixed

such that ¢ and j satisfies the properties:

1. 3B, cNNn{s>n}, 2’ >0forall s and

2. For all s € E?,

m—1

With each M > 0, define the set S! C E! the states s satisfies:

wi) el _
m—1
and for all s € S% we have:
j 5| — zi(n)
xl(n) < 1 < -M

We can see that limy, 4o0 ) cg mixl = ¢'. The two probabilities 7* and 7’/
are equivalent, then we have limy, oo ) cgi ng; = ¢/ > 0. Now consider the
sequence (y'(n),y%(n),...,y™(n)) defined by:

‘2

yi(n) == xl(n) — 2o = [ + M with s € S?
m_

j ; xl — |e] ) ,

yl(n) == xl(n) + ;17_1 — M with s € S},

y¥ = 2% with every k #i,j or s ¢ Si.
Remarks that y%(n) < zi(n) and yi(n) > xi(n) for all s. We will prove that
(UY(y'(n)))1=1,m is bounded below, but is not bounded above, that leads us to



a contradiction with the Lemma 1.

U'ly'(n)) = U'a'(n) = ) m(u'(ya(n)) — ' (a(n)))

sESY,
i g — [e] xy — [es]
> ; moul(wy(n) = =5 4 M)(==———= + M)
seS5y,
i —
> 3w (=2 an Sl Ly S
. m—1 m—1 .
s€SE s€SY,
eV o . e ‘
> D S o) (a3
s€SH s€S}
Let n — 400 we have:
o ) ui/(M)Ci
1' : fUZ (A > (2 S
lim inf U*(y*(n)) 2 v* = ——

so for great n, U'(y'(n)) is bounded below. Now we will see U7 (y?(n)).

> ww (i) — v (2(n)

s€SY,

Uy (n)) = U7 (2 (n)

> ' (xh(n) + W - M)(W — M)

v

seS}

vi(n) —[es|

Uiy () -V @in) = 3 el )
sESY,
uj’(—M) o )
o D maim) =M Y
m sESE, seSy/
So we have the limit
o W (=M
lim inf U7 (3 > 4 ——
lim inf U7 (3 (n)) 2 v/ + ——

So if " = 400, we can choose M very large, and the limit of U7(y’(n)) is
unbounded above: a contradiction. m

The next Lemma show that the sum is bounded uniformly.

Lemma 2 If p = oo, for all € > 0, there exist N > 0 such that for all
(x',22,...,2™) € A, for all i,

e . . .
Z mu'(xy) < €
s=N



Proof: Fixe a € R arbitrarily, we have u'(a) — u*(z%) > u”(a)(a — 2%), so with
every N > 0,

Zﬂ' ) < [u Zﬂ' + u™( )iﬂ;xg
s=N

From the Lemma above, in choosing N large sufficiently, we have > _ - v miut(xl) <
€ with every (z!,22,...,2™) € A. m

We know that U is bounded. Suppose that there exists a sequence in U
(vl(n),v%(n),...,v™(n)) — (v, v?,...,0™). We have to find that if (v!,v?, ...,v™) €
A. Denote the sequence (z'(n),z%(n),...,2™(n)) € A such that U(z(n)) =
v'(n) for all i.

Theorem 2 Under the Assumptions 1 and 2, U is closed for every p.

Proof: Note that L C L? for every 1 < p < co. We have two cases:

I There exists M > 0,N > 0 such that for all n > N, for all i, s: |2%(n)| < M.
IT For all M > 0, there exists n, i, s such that |z%(n)| > M.

Consider the first case. From the Theorem 1, we know that A is the subset of
a compact set of the product topology, then we can assume that z(n) — y°
in this topology for all i. For all s, lim,, . 2%(n) = yi. |yi| < M for all i, s,
then 3* € L™ for all i. For all € > 0, choose N > 0 in the theorem 1 and the
lemma 2, such that the sum Y o0 y u’(z%(n)) < €, we have:

00 N 00
doui(@i(n) = Y mai(ai(n) + Y miul(zi(n))
s=1 s=1 s=N-+1

N
< Y wui(al(n) +e
s=1

o'} N
lim Y mlu'(zh(n) <D u'(yh) +e
e s=1 s=1
for all N sufficiently large, we have:
<
A, Z mu Z mu
= for all i, U'(y") > v* = (v}, 0%,...,o™) € U.

Then we consider the second case. Suppose that for every M > 0 there

exists i and an infinite n such that z%(n) > M with an s, without losing the



generality, we can assume that is true for all n and for an 7 fixed. Choose M
sufficiently large such that for all i, denote T¢ = {s : |z%| < M — 1}, we have
Y seTi i > % With each M > 0, denote the sets E', S as above. Choose M
suﬁ"lcizntly large such that M > M and S! NT! = (). 7* and 7/ are equivalents,
so there exist h > 0 such that:
hr'

2
S

1.
S L

We can choose M such that:

We consider two cases:

1. 3t € Si for an infinite n.

2. lim,, .o min S,i = 00.

Consider the first case. Then liminf " _ Si 7l > 0. Without lost of generality,
we can suppose that there exist

a= lim ZSES}L s
oo (M — 1) 3 cri
Remarks that 0 < a < %. Define the sequence (y'(n)):

) )

yi(n) = 2t — +Mifse S
yi(n) = zi(n)+aifsec Tl
yi(n) = x'(n) others cases

. 4 i) —le,| — 4
yitn) = ai(n)+ W _MitseS?
yi(n) = zi(n)—aifseT’
yJ(n) = 2J(n) others cases

)

estimating U'(y*(n)) and U’ (27 (n)).

U'(y'(n) = U'(a’(n) = Y milu'(ye(n)) —u'(@i(n)] + Y milu'(ya(n)) — u'(a]

seT} s€SY,
> Z ﬂ'iui/(l‘i (n) + a) _ Z ﬂ_iui/(l,i (n) o xé(n) — ‘és‘ +M)[xé(n) — ‘ES’ _M]
— : S S : S S m — 1 m — 1
seT}, s€SY
- L N ) el

> au’(M) Z Ty — u” (M) Z Wi[smi_ls — M]

seTy, s€SY
> au (M) Z 7l — (M) Z T u" (M) Z ﬂ;[mijl +M]>0

seT} s€SY, s€SE



with n sufficiently great So we have the result that liminf, .. U'(y*(n) >

lim inf, o U(n) = v'

U (! (n)) = U7 (27 (n)) = 3wl (yd(n)) — o (h(n))] + Y wdud (h(n)) — o (2] (n)]

seT} sesE,
> 3.9 ] Vi j ( )_|€S| - M IL‘S(TL)—|€S‘ -M
> aZwu (x? Zﬂ'u (! 7_1 )[7171—1 ]
seTE SES}

> —au?'(— Z 7 4wl (— Z 71']

sETY sESE
> —aud(— Z ' (— Z 777

sET} SESE

a i i i T

> =gl (=M) Y mi+hul (M) Y m

seT} s€ES,

We know that u?’(—M) > w/'(—M)/h%. Then liminf, o, U7 (y’(n)) > liminf,_, U7 (27 (n)) =
v’ too.

Now we will show that we can construct a sequence (2*(n)) such that lim,, ., U*(2*(n)) >

v¥. Choose k # i, j above. Choose e > 0 very small such that lim inf,, .., U?(y*(n))—
eu’(—M) > v'. Choose t € T! arbitrarily, we define the new sequence (z!(n))

4(n) = yi(n) —e

2(n) = yr(n)+e

Zl(n) = yl(n) in others cases

U'(z'(n)) = U'(y'(n)) = mi[u'(yi(n) — u'(2(n))]
> i (yi(n) — e
> —u(=M)e
and then liminf, . u*(z%(n)) > v'.
UREHn) = UR(F(n) = #flut(yy (n) — u® (= (n))]

> Ul (g () + e

V
3
™+
IS
x
=
)

then liminf,_, U¥(2*(n)) > o*.

By the induction, we can construct the sequence (z°(n)) such that >0 2%(n) =
e and liminf,, o, U(2*(n)) > v* for all i. Then there exist n such that U%(2*(n)) >
viforalli =1,m = (v, v?%,...,o™) € U.

Now we return to the case hmnHOO inf Sfl = +o0. In this case, we will construct

10



a sequence satisfy the properties: liminf U*(y*(n)) = v* and sup,, sup; |y%(n)| <
+o00. If those properties are true for a sequence (z*(n)), we have nothing to do,
in the converse case, there exist ¢ such that for all M, there exist an infinite n
and s s.t 2i(n) > M. Define i, M, S, as above, remarks that >t zl(n) =
€s — 2%(n) < 0. Then we have 0 < D it It (n) < D it 217 (n). Then there
exists a sequence 0 < z/(n) < xJ~ (n) such that >t Zl(n) = D it 21t (n). We
define the sequence (y*(n)):

yi(n) = esifse St

ys(n) = ai(n)ifs¢ s,

yi(n) = al(n)+zi(n)ifs €S,
yi(n) = al(n)ifs¢ s,

We can check that Y 7', y*(n) = & We have inf S} — +o0, so from the

Lemma 2

Uy (n) = Ul ()] < Y milu'(y'(n) —u'(2'(n)] — 0

s>inf S},

and

Uy (n)) = U7 (27 (n)) = ) milud (yl(n) — o (21 (n))]

seSk
> Z miu? (21 (n) + 21(n))zl(n)
seS
> u/(0) ) wzl(n) >0
seSY,

So lim, o Ut(y*(n)) = v* and for n great enough, for all s, we have |y (n)| <
M(m — 1)|és|. By induction, in applying the same method, we can construct
our sequence with the properties desired. We have the sequence (y‘(n)) € A
satisfy:

lim U'(y'(n)) =o'

n—oo

M > 0 such that|y’(n)||le < M

From Proposition 1, we can suppose that limy?(n) = ¢ in the L. ||'(n)|le <
M = y' € L* for all i. Then we have (y',y?,...,y™) € A with Ui(y*) > o%,
then (v, v2 ...,v™) € U. U is closed and bounded in LP, so U is compact. m

Now we will drop the condition of Assumption 2, b® = +oo for all 4, we will

prove that with only Assumption 1, there is an quasi-equilibrium in L.

Theorem 3 With Assumption 1, there is an quasi-equilibrium in L.

11



Proof: We construct the sequence of utilities concave functions u’y : R — R
such that uly(r) = ui(z) with 2 € [N, +00), for all N, u¥(—00) = oo and
uly < uly q. Remark that Va, imy_.o uly (z) = u'(z).
From the Theorem 2 and [2] we know that for N sufficiently large such that
7l el € [-N,+o0) Vi, s, there exists an equilibrium general (p*(N),z™(N)).
From the Theorem 1, we know that (z**(N)) is in a compact set of the topology
LY, and for all € > 0, there exist Ny > 0 such that for all N we have:

Y mlali (V)] <e

s>Np
= in L', the sequence (x**(IN)) converge to (z**).
And the price sequence p*(IN) converge to p*.
Suppose that there exist 2' € L' such that U’(z*) > U*(z**). Choose 0 < € <
Ut(x%) — U'(x™). There exist M > 0 such that

M
Zﬂéul(xg) > Ul(z™) +e¢
s=1

M
= lim Zw;uﬁv(x;) > Ul(z™) 4 ¢
s=1

N—oo —

so for N sufficiently large we have
M . . . . .
Z muly(xy) > Ut (x"™) + €
s=1

We can choose M very large such that Y _, 7|22 (N)| < € for every N.
Construct the sequence (z°(N)) satisfy: 22(N) = ¢ for s < M, 2L (N) = 2% (N)
if s > M, then we have U'(z*(N)) > U'(z"*) = p*(N).2*(N) > p*(N).a™ for
every N sufficiently large. Let M and N tend to infinity, we have p*.z? > p*.z%.
[

3 The model with continuum states

In this section, we will give a proof with a similar result as the section above.
In using a utility function less general than [4], we can have the result without
the assumption H4 in their paper. The set of states we use here as Le-Van and
Truong-Xuan, the set [0, 1], the consumption set is LP([0,1]), 1 < p < oo, each
agent i has an endowment e’(s), utility function under the form

1
Ui(af) = / o (o (5)) I (5)ds
0
We define A and U as in the section above.

12



Assumption 3 For all i,j, a* < b.
Assumption 4 0 < m << infyq h'(s) < SUp[o,1] hi(s) < M < +oo
Assumption 5 For all i, u’ is concave and u¥(—oc0) = +oo.

Theorem 4 Under the Assumption 4 and the Assumption 5, there exists equi-
lebrium.

Lemma 3 Assume that z* € LP, i = 1,m s.t Y 0 x'(s) = Y1ty €'(s) for all
s, Ul(z?) > U'(e') for all i, then there exist C > 0 such that for all i:

1
/0 12 ()| i (s)ds < C

Proof: We will using the same method as the section 1. Note d* = fol ht(s)ds.
Choose a > b such that ¢; = max; u”(a) < ¢ = min; u¥(b). We have:

1 1 1
uia iS S — Ui$i+5 iS S ui/a (l—$i+8 iS S
| tam s = [t emies = ') [ a-at o
PR Yo e i il ' 2 (VB (s)ds
| om s — [ e @meds = o) [ 6+ a@nie
=

1 1
¥ (b) /0 P (W (5)ds < [u'(0) — an(a) — b (D) — U (e") + max o) /0 7 ()hi(s)ds
=

! ! li_siss ; + max v’ (a lxisiss
mino'(0) — maxa (@) [0 (9 (s)ds < O+ maxad (o) [ (i(5)d

=
! i— 7 CZ max; uj/(a’> ! % [
0 T (s (s)ds - < min; v/ (b) — max; u/'(a) + min; v/’ (b) — max; u/'(a) /0 () (s)ds
1
< C'1+C'2/ z'(s)h'(s)ds
0
=

m 1 1
Z/ 27 (s)hi(s)ds < mCt + 02/ e'(s)hi(s)ds =: X
i=1 70 0

So we have for all 7,

1 1
/ 7 (s)hi(s)ds < mC + 02/ e(s)hi(s)ds = X
0 0

13



Lemma 4 U is bounded.

Proof: U is bounded below, from the definition of U. We will prove that U is
bounded above. Suppose (z!,...,2™) € A, u' is concave, increasing, so we have:

1 1 i(g o
/ W (@ (5)) i (s)ds < diui(/ 2(5)" ) gs) < i (€
0 0

dl dl

Theorem 5 U is closed.

Proof: Suppose that there exists a sequence (z}, 22, ..., ™) € A, lim,, o, U(2}) =

v, we have to prove that (v!,v? ..., v™) € U.
i

¢) is weakly compact in (L', L°°). Suppose the con-

Firstly, we show that (z
verse, then there exists a sequence X,, C [0,1] with the Lebegue measure
w(Xy) — 0 and liminf,_, an |z¢,(s)|hi(s) > 0 for some i. With each s, there

exists j such that xil(s) < —M. Without loosing the generality, we can

m— ) _
fixe i, and suppose that on the sequence E,, zi (s) > 0 and @, (s) < —W.
Then we can fixe 4, j and a subset FE,, such that:

Ty (s) — e(s)

lim z! (s)h'(s)ds = ' > 0

n—oo E
n

ad(s) < —

for all n and all s € E,

With each M very large, we define the set S, C E, = {s : W > M}.
Note that lim,,_, fSn z? (s)hi(s)ds = . Define the new sequence (y*(s)) as

below:
o) = (s - I o,
4 4 J e
yl(s) = al(s)+ :En(;)jle(s) — M on S,
yF(s) = zF(s) with other k or s

14



Note that Y, y* = €. As in the section above, we will estimating U*(y*)) with

k=13
U - U 2 [ A~ e )
> = [ aonEE =
) :
fiminf U (y}) > of - - D
Uiyl — Ui(ad) > /S ' (41 (9)) (4. (5) — 3 (5)) 9 (5) s
> [ w2 =),
) !

3= M)
e
and lim,, o U*(y¥) = v* for others k.
So we have constructed the sequence (y*) with U*(y¥) is bounded below, and if
we let M — oo, our sequence is unbounded above because u/(—00) = oo, that
leads us to a contradiction.
Then the sequence (xl,22,...,2™) is o(L', L) compact.
With each M, denote the set T;, = {s : |2 (s)| < M for all i}. We can choose M
sufficiently large such that Lebesgue measure pu(7},) > % Choose M very large
such that for all i, u'(—M)hy < hqu'(—M). Define E!, = {s W > M}.
Firstly, we consider the case that there exists 4, lim inf,, o u(E%) > 0. Suppose
not, then we can find i such that lim, , u(E?) = ¢! > 0. Without loosing the
generality, we can assume ¢ (s) > 0 on E’. Using the same argument as above,
we assume that there exist j and S, C E! satisfy:
Ty (s) — e(s)

m—1
lim p(Sy) =c>0
n—00

}(s) <

forall s € S,

Construct the sequence (y%) as:

yi(s) = xi(s)+aonT,

o) = (s - ) Fr o,
yi(s) = xl(s)—aonT,

yi(s) = xi(s)+ I"(;) : 16(8) — M on S,
yF(s) = zF(s) for others k or s
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Now we estimate U'(y},) and U7 (y3,):

U'lyn) = U'(xy,) > a | u”(2,(s) + )b’ (s)ds —

[ et - L) 3y shle) =500

" m—1

> au(a1) [ iGs)ds — o (O) [ <“)‘ )

n

then we have lim inf, . U (%) > lim,, o, Ul(z}) = v".

Ui(yl) - U9(ad) > —a / W (23, (5) — a)hi(s)ds +

n

/S uj’(:c%(s) + .CC%(S) _é(s) - M)(miz(s) — é(s) _M)

m—1 m—1

> —a/ uj'(—M)hgds—l—/ hiu?' (—M)ds

We have u/'(=M) > hy/hiu?’(—M), then we have liminf U7 (y}) > v/. We have
constructed the sequence (yX) such that >, y* = e, liminf U*(y¥) > v* with
the strict inequality when k = 4, j. Choose € > 0 such that lim inf, ., U(y}) —

eu’(—M)hy > v'. Fix k # i, define a new sequence (2}) as:

Zn(s) = yp(s) —e
Zm(s) = ynls) +e
ZL(s) = 4l(s) in others cases

With the sequence (2}), we have:

U'(z) — Uy,

v

—e/ u”(y' (s) — €)h'(s)ds
> —eu(—M)hy

= liminf, . U*(2%(n)) > liminf, . U (%) — eu’ (—M)hy > v'.

UF(E) — UG > e / aH (5 (5) + O h*(s)ds

1
> 5eu’“(M)hl >0
= liminf, . U*(2F) > oF.

By induction, we can construct the sequence (2%) such that for all k, liminf,, o, U¥(2¥) >

v¥ = there exists n such that for all k, U¥(zF) > vF = (v!,02,...,0™) € U.
Now we consider the case for all i, lim, .o u(E:) = 0. In this case, we
will construct a sequence satisfy the properties: liminf, .., U'(y}) = v and

i

sup,, sup; |44 (s)] < +oo. If those properties are true for a sequence (z?,

), we
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have nothing to do, in the converse case, there exist ¢ such that for all M,
there exist an infinite n with s € EY, u(E%) > 0, s.t x%(s) > M. Define i, M,
Sn, as above, remarks that >t a3,(s) = € — x,(s) < 0. Then we have 0 <
>t 2t (s) < D 2 (s). Then there exists a sequence 0 < 2 (s) < xhh (s)
such that », ; zn(s) = D it 237 (s). We define the sequence (i ):

yi(s) = els)ifses)
yi(s) = ai(s)ifsgS)
yi(s) = ai(s)+#(n)ifses)
yi(s) = 2i(s)ifsg S,

We can check that "1, y¥ =2 We have u(S%) — +0o0, so from the Lemma 2
U (yn) = U'(ay)| < / [ (y,) — u' (a7,)| A (s)ds — 0
and
Ul(ys) — U (ad) = / [ (g2, (5)) — u? (), (5))]h' (s)ds
> [ ) ) (5)ds
> ujln(O) /1 20 (s)h (s)ds > 0

So limy, s Ut(y*(n)) = v* and for n great enough, for all s, we have |y (s)| <
M(m —1)Je(s)|. By induction, in applying the same method, we can construct
our sequence with the properties desired. We have the sequence (y'(n)) € A
satisfy:

lim U'(y%) =o'

n—oo

3M > 0 such that||y! [|.c < M

Then we have the sequence (y!,) is o (L, Ll) compact. We can suppose that
Yl — yt € L®. And Ui(y’) > o' for all i = (v!,0?%,..,0™) €U. m

Theorem 6 U is compact.

Proof: From Lemma 4 and Theorem 5. m
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4 The case of finite countable states

There are m agents indexed by 1,...,m, each agent has a consumption set
X; C R*, a vector of endowment e; and a continuous concave utility function
u' : RF — R . We first recall some standard concepts of general equilibrium
theory.

The set of individually rational attainable allocations A is defined by

A={(z%) e R"™| le = Zei and u'(x;) > u(e;) for all i.}
=1

=1

Definition 1 A pair ((z})™,,p*) € A x R¥ is a contingent Arrow - Debreu
equilibrium if

1. for each agent i and z* € R¥, u'(x;) > u'(x}) implies p* - x; > p* - 7},

2. for each agent i, p* -z = p* - €’.

For z € R¥, let
Pi(z) ={y e R® | ui(y) > u'(z)}

and let R' be its recession cone. R’ is called the set of useful vectors for i and
is defined as

R = {w e RS | uz(:n + Aw) > u’(aj), for all A > 0}
The lineality space of i is defined by
L'={weR | (x4 Iw)>u(x), for all \ € R} = R' N —R"

Elements in L' will be called useless vectors .
The no unbounded arbitrage condition denoted from now on by NUBA is
introduced by Page (1987).

Definition 2 The economy satisfies the NUBA condition if Y it w' = 0 and
w' € R for all i implies w* = 0 for all i.

There exists a weaker condition, called the weak no market arbitrage con-

dition (WNMA), introduced by Hart[1974].

Definition 3 The economy satisfies the WNMA condition if > i, w’ =0 and
w' € R for all i implies w® € L' for all .
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We will prove the propositions that give us the similarity under the NUBA
condition and the WNMA condition. Choose # sufficiently large such that
|éi]| < @ for all i. Define T¢ := {t € L; | ||t| < 0}. We define the new economy
&l = (Xf, U;, e;) such that Xf = LiL N Ti@, @' : R¥ — R defined as the restric-
tion of u’ on f(f . Evidently, we have ¢; € Xf for all 4.

Proposition 2 If (Z5)7,, %) is an equilibrium of £ then ((Z5)™,, ") is equi-
librium of £.

Proof: We first prove that p* € ()%, LJ- For each i, there exist ¢; such that
u(ZF+e) > ul(Z)). Yy € Ty, vl (Tr+eityi) > u'(%:) = p*.(T) +ei+y:) > pr.a;.
Let ¢, — 0, we have p*.y; > 0. With the similar argument, we found that
P(~y) >0=py; =0Vy €T? = p* € L Vi.

Observe that ((#),,5*) is equilibrium of € = 3, = Y, e;. Now let
ut(z?) > Wl (FF) = ui(zh) > W) = prat > prar :>p (z + &) > p*.ar.
So ((F)™,,p*) is equilibrium of £. m

Proposition 3 If ((z])",p*) is an equilibrium of £, then there exists 6 > 0
such that ((x¥)y,p*) is equilibrium of £,

Proof: Choose 6 > max{||z}],||&]}. m

Proposition 4 The economy & satisfies Weak No Market Arbitrage condition
if and only if € satisfies No Unbounded Arbitrage condition.

Proof: Firstly, suppose that £ satisfies WNMA condition. In the economy g,
L? = {0}, so R? = R; N L* V i. Suppose that w; € R? such that 3", w; = 0 =
w; € L for all i, = w; € L N L; = w; =0V i.

Suppose that € satisfies NUBA condition. If w; € R; such that > wi =0, then
we have ), wf- =0= wf- = 0 for all ¢ from the NUBA properties = w; € L;
Vi. m

Now we define the notion of no-arbitrage price as in Allouch, Le Van, Page
(2002) and the NAPS notion:

Definition 4 S; = {{p €Ly |pw>0,¥ we (Rin L)\{0} if R\L; # V)}}

LY if R, = L,

Definition 5 The economy £ satisfies the NAPS condition if M;S; # 0.
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Proposition 5 (Page and Wooders, 1996) Assume L; = {0}, V i, then NUBA
= NAPS.

Proof: In [5] m

Proposition 6 (Allouch, LeVan and Page (2002))

WNMA = 1;S; # 0.

Proof: In [1] m
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