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1 Introduction

Since the seminal work of Ramsey (1928), optimal growth models have played
a central role in modern macroeconomics. Classical growth theory relies on the
assumption that labor is supplied in fixed amounts, although the original paper
of Ramsey did include the disutility of labor as an argument in consumers’ utility
functions. Subsequent research in applied macroeconomics (theories of business
cycles fluctuations) has reassessed the role of the labor-leisure choice in the
process of growth. Nowadays, intertemporal models with elastic labor continue
to be the standard setting used to model many issues in applied macroeconomics.

Our purpose is to prove existence of competitive equilibrium for the basic
neoclassical model with elastic labor with less stringent assumptions than in the
literature using some recent results (see Le Van and Saglam (2004)) concerning
the existence of Lagrange multipliers in infinite dimensional spaces and their
representation as a summable sequence.

Lagrange multiplier techniques have facilitated considerably the analysis of
constrained optimization problems. The application of these techniques in the
analysis of intertemporal models inherits most of the tractability found in a finite
setting. However, the passage to an infinite dimensional setting raises additional
questions. These questions concern both the extension of the Lagrangean in
an infinite dimensional setting as well as the representation of the Lagrange
multipliers as a summable sequence.

Previous work addressing existence of competitive equilibrium in intertem-
poral models attacks the problem of existence from an abstract point of view.
Following the early work of Peleg and Yaari (1970), this approach is based on
separation arguments applied to arbitrary vector spaces (see Bewley (1972), Be-
wley (1982), Aliprantis, et al. (1990), Dana and Le Van (1991)). The advantage
of this approach is that it yields general results capable of application in a wide
variety of models. However, it requires a high level of abstraction and some
strong assumptions.

Le Van and Vailakis (2004) in order to prove the existence of competitive
equilibrium in a model with a representative agent and elastic labor supply im-
pose relatively strong assumptions.! In this paper, the existence of equilibrium
cannot be established by using marginal utilities since we may have boundary
solutions.

Recently, Le Van, et al. (2007) extended the canonical representative agent
Ramsey model to include heterogeneous agents and elastic labor supply and
supermodularity is used to establish the convergence of optimal paths. The
novelty in their work is that relatively impatient consumers have their con-
sumption and leisure converging to zero and any Pareto optimal capital path
converges to a limit point as time tends towards infinity. However, if the limit
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points of the Pareto optimal capital paths are not bounded away from zero,
then their convergence results do not ensure existence of equilibrium.

To obtain the convergence results, they impose strong assumptions which
are not used in our paper.? Following the Negishi approach (1960), our strat-
egy for tackling the question of existence relies on exploiting the link between
Pareto-optima and competitive equilibria. We show that there exist Lagrange
multipliers which can be used as a price system such that together with the
Pareto-optimal solution they constitute an equilibrium with transfers. These
transfers depend on the individual weights involved in the social welfare func-
tion. An equilibrium exists provided that there is a set of welfare weights such
that the corresponding transfers equal zero. We prove existence of equilibrium
without assuming, as in Bewley (1972), that any consumer ¢ has at each ¢ an
endowment w; > 0 which satisfies >/, wj € int £3°. The model in which we
establish existence is with complete contingent commodity Arrow-Debreu mar-
kets (as opposed to trading in sequential markets) and the prices and transfers
are sufficient for decentralizing the optimal allocation. We also do not require,
with additional assumptions, as in Le Van, et al. (2007) that the optimal capital
stock converges in the long run to a strictly positive value in order to get prices
in /1.

The organization of the paper is as follows. In section 2, we present the model
and provide sufficient conditions on the objective function and the constraint
functions so that Lagrange multipliers can be presented by an éi sequence. We
characterize some dynamic properties of the Pareto optimal paths of capital and
of consumption-leisure. In particular, we prove that the optimal consumption
and leisure paths of the more impatient agents will converge to zero in the long
run (see Becker (1980) for a similar result in a sequential trading model) with a
very elementary proof compared to the one in Le Van, et al. (2007) which uses
supermodularity for lattice programming. In section 3, we prove the existence
of competitive equilibrium by using the Negishi approach and the Brouwer fixed
point theorem.

2 The model

We consider an intertemporal model with m > 1 consumers and one firm.
There is a single produced good in each period that is either consumed or
invested as capital. The preferences of each consumer take the additive form:
Soioo Biui(ch, li) where 3; € (0,1) is the discount factor (i = 1,...,m). At
date ¢, consumer i consumes c; of the good, enjoys a quantity of leisure I} and
supplies a quantity of labor Li which are normalized so that I} + L{ = 1. Pro-
duction possibilities are given by the gross production function F' and a physical

2Le Van, et al. (2007) assume that the cross-partial derivative uf:l has constant sign,
ul(z,x) and u}(x,x) are non-increasing in z, the production function F' is homogenous of
degree o < 1 and Fyp, > 0 (Assumptions U4, F4, U5, F5).



depreciation ¢ € (0,1). Denote F(k¢, > i) L) + (1 — )k = f(ke, > _rey LY).
We next specify a set of restrictions on preferences and the production tech-
nology.® The assumptions on the period utility function u® : Ry x [0,1] — R,
are as follows:
U1l: u® is continuous, concave, increasing on Ry x [0, 1] and strictly increasing,
strictly concave on R4 x (0,1).
U2: 4%(0,0) = 0.
U3: ' is twice continuously differentiable on Ry, x (0,1) with partial deriva-
tives satisfying the Inada conditions: lim._ou'(c,l) = +oo, VI € (0,1] and
limy ¢ ui(c, 1) = +o0, Ve > 0.
We extend the utility functions on R? by imposing u‘(c,l) = —oo if (c,1) €
R%\ {R; x [0,1]}.
The assumptions on the production function F : Rﬁ_ — Ry are as follows:

F1: F is continuous, concave, increasing on Rf_ and strictly increasing, strictly
2
concave on RY , .

F2: F(0,0) =0.

F3: F is twice continuously differentiable on R?H_ with partial derivatives satis-
fying the Inada conditions: limg_o Fy(k, L) = 400, VL > 0, limg_ 1 o Fi(k,m) <
6 and limy,_,¢ FL(]C7L) = 400, Vk > 0.

We extend the function F’ over R? by imposing F(k, L) = —oco if (k, L) ¢ R2.
For any initial condition kg > 0, when a sequence k = (ko, k1, k2, ..., k¢, .. .)
is such that 0 < ki1 < f(kt,m) for all ¢, we say it is feasible from ko and we
denote the class of feasible capital paths by II(kg). Let (c!,c?,...,c ..., c™)

where ¢’ = (¢}, ct,...,ct,...) denotes the vector of consumption and
(12,01, 1) where 1P = (1§,1%,...,1%,...) the vector of leisure of all
agents. A pair of consumption-leisure sequences (c',1) =(c},1});2, is feasible

from ko > 0 if there exists a sequence k € II(kg) that satisfies Vi,

ddtkia<f (kt,Z(l li)) and 0 < [P < 1.

=1 =1

The set of feasible consumption-leisure sequences from kg is denoted by > (ko).
Assumption F3 implies that

fe(+o0,m) = Fyp(4oo,m)+ (1-46) <1,
fx(0,m) Fr(0,m)+ (1 —10) > 1.

3We relax some important assumptions in the literature. For example, Bewley (1972) as-

sumes that the production set is a convex cone (Theorem 3, page 525). He also assumes the
strictly positiveness of derivatives of utility functions on Ri (Bewley (1982), strictly mono-
tonicity assumption, page 240). In our model, the utility functions may not be differentiable
in Ry x [0, 1] (only differentiable on R4 x (0,1)) from which many difficulties arise when we
deal with boundary points. A function that satisfies these properties is the Cobb-Douglas
function F(z,y) = 2%y1~%, a € (0,1).



It follows that there exists k > 0 such that: (i) f(k,m) =k, (ii) k > k implies
f(k,m) < k, (iii) k < k implies f(k,m) > k. Therefore for any k € II(ko), we
have 0 < k; < max(ko, k). Thus, a feasible sequence k is in £5° which in turn
implies that any feasible sequence (c,1) belongs to £3° x [0, 1]*°

In what follows, we study the Pareto optimum problem. We show that the
Lagrange multipliers are in ¢} . Then these multipliers will be used to define a
price and wage system for the equilibrium.

Let A ={n1i,m2,...,0m|n >0 and >..", n; = 1}. Given a vector of welfare
weights 17 € A, define the Pareto problem*

max 3 3 Bt (e ) @
=1 t=0

Y od+kia<f (ktu (- li)) )Vt

i=1 i=1
c>0,10>0, 1l <1, Vi,Vt
ky > 0, Vt and kg given.
Note that, for all kg > 0,0 < k; < max(kg, k), then 0 < ¢! < f(max(ko, k), m) =

A, Vt, Vi = 1,...,m. Therefore, the sequence (u'), = > ., Biu’(c},1}) is in-
creasing and bounded and will converge. Thus we can write

ZﬂzZﬁt 1Ct7 ZZnﬁt zct’

i=1 t=0 t=0 i=1

Let x = (c, k,1) € (£3°)™ x £ x (42)™
Define

F(x) = ZZnﬁt ek, 1)

t=0 i=1
@%(X) = th+kt+1 ( ,Z 1*1 >
i=1 i=1

Px) = —d

Px) = —k

(%) =

Pl(x) = li—1

o, = (O, 07, @), 0, 9}, Vt,Vi=1,...,m
The Pareto problem can be written as:
min F(x) (P)

4We show in Appendix A that with every Pareto optima of this economy there exists a
corresponding vector of weights 7.



st B(x) <0, x € (IT)™ x £ x (£5)™

where:
F oo ()" x L x ()™ — RU {400}
B = (Bp)imo, e (1) X 15 X ()™ = RU {+00}
Let C = dom(F)={xe€ (£3)" x LT x ({)"|F(x) < +oo}
I' = dom(®)={xe ({T)" xIF x (£3)"|P:(x) < +o0, Vit}.

The following theorem follows from Theorem 1 and Theorem 2 in Le Van and
Saglam (2004) (see also Dechert (1982)).

Theorem 1 Letx,y € ({)" x4 x (U)™, T € N.
e if t<T
ye if t>T
Suppose that two following assumptions are satisfied:
T1: Ifx € C,y € ({5)™ x £° x ({X)™and VT > Ty, x' (x,y) € C then
F(xT(x,y)) — F(x) when T — oo.
T2:Ifxel,y el and x'(x,y) €T, VT > Ty, then

Define a7 (x,y) =

a) ®(x7(x,y)) = ®¢(x)as T — oo
b) IM s.t. VT > Ty, ||®:(xT (x,¥))|| < M
) N 2 To, Jim [B(x" (x,3)) — @u()] =0

Let x* be a solution to (P) and x € C satisfy the Strong Slater condition:

sup®;(x) < 0.
t

Suppose x*'(x* x) € CNT. Then, there exist A € I1\{0} such that
F(x) + AD(x) > F(x*) + AD(x*), Vx € (£°)™ x £ x (£=)™
and A®(x*) = 0.

Obviously, for any n € A, an optimal path will depend on 7. In what fol-
lows, if possible, we will suppress 1 and denote by (c*?, k*, L*!,1*?) any optimal
path for each agent i. The following proposition characterizes the Lagrange
multipliers of the Pareto problem.

Proposition 1 Ifx* = (c*,k*,1*%) is a solution to the Pareto problem (Q):then
there exist Vi =1,...,m, A= (A", A2, A3, A% \50) € fL x (£1)™ x 0L x (£1)™
(€1)™, X # 0 such that

S S st ) z»(zc <k:,L:>>

t=0 i=1

—|—§:§:A2Z %4 +ZA3]€* +ZZ)\4Z£*1+ZZA5Z l*z

t=0 i=1 = t=0 i=1



> Zznﬁt Z Ct’ Z)\l <Zc; +kt+1 - (kt,Lt)>
t=0 i=1
+ZZA% +Z>\3kt+zz/\‘“ll+zz/\5’ 1=1), (1)
t=0 i=1 t=0 i=1

M [Zcf“rkfﬂ—f(kfyszi) =0 (2)
i=1 i=1

N =0 Vi=1,...,m
3% _
At t

3

4

M =0,Yi=1,...,m 5

0€nfiou (1) — N+ { D2 Vi=1,...,m 7

0 € miBioou (ci', 1) = Ngda f(ky, L) + N} = (AL Vi=1,....m
0€ N f(ky, Ly) +{N} — {1}

where, Ly = Y7 Lyt = S (1 =179, Ojulc,l;%),0; f(k;, Ly) respectively
denote the projection on the j*" component of the subdifferential of function u
at (c;%,17Y) and the function f at (k;,L}).5

8

(3)
(4)
(5)
MNA-1)=0Vi=1,....m (6)
(7)
(8)
(9)

Proof: We show that the Strong Slater condition holds. Since fi(0,m) > 1,6
for all kg > 0, there exists some k € (0,kq) such that: 0 < k < f(k,m) and
0 < k < f(ko,m). Thus, there exist two small positive numbers ¢, ¢; such that:

0<@+€<f(@,m—51) and0<E+E<f(ko,m—51).

Denote x = (¢, k,1) where ¢ = (éi)lm=17 and

- i e € ¢
&= (¢t )i=0,....00 = (E’ pe Rt 2
1= (iz)?;l, where
i €1 €1 €1
1 = (I )t=0,....00 = (E’ — E’)

5For a concave function f defined on R™,df(z) denotes the subdifferential of f at x. We
have to write the first-order conditions by the subgradient set since at the point (0,0), the
functions v’ and f are not assumed to be differentiable.

6 Assumption fi(0,1) > 1 is equivalent to the Adequacy Assumption in Bewley (1972), see
Le Van and Dana (2003) Remark 6.1.1. This assumption is crucial to have equilibrium prices
in E}r since it implies that the production set has an interior point. Subsequently, one can use
a separation theorem in the infinite dimensional space to derive Lagrange multipliers.



and k = (kO,E,E, ...). We have

Zcé+/€1 - f (k(h
i=0
= 6+%—f(k0,m—€1

dl(x) = Zc§+k2f<k1,

A
o
—~
~—

|

i

1- z@)

<0

(1- li))

= E+7€\—f(7€\7m—61) <0

M=

=0 %

d!(x) e+k—flk,m—e) <0, Vt>2

¥ (x) = —c}"=—%<o, VE>0Vi=1,...,m
Di(x) = —ko <O;

3 (x) —k<0 Vt>1

ol (x) = —%<07 VE>0Vi=1,....m
OFF) = S -1<0WZ0Vi=1...m

Therefore, the Strong Slater condition is satisfied.

It is obvious that, VT, x”'(x*,x) belongs to (£32)™ x I5° x ()™

As in Le Van and Saglam (2004), Assumption T2 is satisfied. We now check
Assumption T1.

For any X € C, X € (£2)™ x £ x (£3°)™ such that for any T, XT(§,>:() eC
we have

T m

F(x" =SS ntui(l, ) Z Zmﬂt (b 1),

t=0i=1 t=T+1i=1
AsX € (£32)™ x 432 x (£2)™, sup|c:t| < 400 , there exists A > 0,V¢, such that
t
|e:] < A. Since 3; € (0,1), as T — oo we have
0< > > miBlut(ch, 1) <u(A1) > mil =u(A,DY Y nipl -0
t=T+1i=1 t=T+1i=1 i=1t=T+1

where u(A,1) = max{u;(A4,1),i = 1,...,m}. Hence, F(xT(x, §)) — F(x)
when T' — oo. Taking account of the Theorem 1, we get (1)-(6).

Obviously, N, ri(dom(u?)) # O where ri(dom(u?)) is the relative interior of
dom(u?). It follows from the Proposition 6.5.5 in Florenzano and Le Van (2001),
we have

8%77,,8:’111(0?,[*1 — nzﬁ Zau *1 l*z
i=1

We then get (7)-(9) as the Kuhn-Tucker first-order conditions. m

Remark 1 1. It is easy to prove thatm; = 0= ¢} =0, [;' =0, Vt.



2. For any optimal solution (c**,k*,1**), we have for anyt, anyi, Oyu’(ci?, ;%) #
0, Oui(cyt,13Y) # 0, O1f(k;,Ly) # 0, Oof (ki , L) # 0, where L} =
m— . .

3. We have cjt > 0 iff ;' > 0. In this case, O1ut(c;?, 1) = {ul(c}t, 7))}, Oaul (e}, I7Y)

{ui(ci, 1)}

4. For any ko > 0, there exists t with >, c;* > 0 and hence Y, 17" > 0 (if
not, the value of the Pareto problem is null which is a contradiction).

In the following proposition, we will prove the positiveness of the optimal
capital path.

Proposition 2 If kg > 0, the optimal capital path satisfies ki > 0, Vt.

Proof: Let kg > 0 but assume that ki = 0. From (9), L} = 0. This implies
>t = 0 and If* = 1,Vi: a contradiction with (7). Hence k} > 0. By
induction, k; > 0,V¢ > 0.

|

Remark 2 From (9) and Proposition 2, if ko > 0, we have Lf > 0 for any
t > 0. Hence, fO’f‘ any t > 0; alf(k;kvL?) = {fk(k?er)}a 82f(kz<vL:) =
{f(ky, i)}

Proposition 3 Let ky > 0.

(a) With any n € A, there exists a unique solution to the Pareto problem
((c*%), (1*"),k*). We have: For anyt >0,

A (n) € Nier i’ (e, 1) (10)
N () fr(ky s L) € Nier nifi 0w’ (¢, 1) (11)

and for any t > 1,
0 € Xp(maf(ky, Ly) — Ni—1(n) (12)

(b) Conversely, if the sequences c*',1*" k* L* satisfy

Li = Y (-5, vt>0
Yot = fk,L7) = ki, VEZ0
ki = ko

and if there exists \' € €% which satisfies (10), (11) and (12), then c¢**, 1*" k*
solve the Pareto problem with weights n and A\' is an associated multiplier.



Proof: (a) For any ¢; > 0, we have

miBiu (e 00 =it (e i) > (A = AP — )

> A =) + Ao > A (= ).

If ¢; < 0, then u'(cy, [f') = —o0, and the inequality still holds. Thus, A} (n) €

n:BLo1ut(c

EYE EX) ;
1), Vil

Similarly, we can prove A} (n)fL(k;, L}) € Nicr m:iBt0au’(c}, 1Y),
We have from (9),

() [f (ki L) = f(k, L))

oy — Nk — k)
Mok = k) +XE> A (kf — k), if k>0.

AVARY]

If k <0, then f(k,L) = —oco and the inequality still holds.
(b) The proof is easy. m

Proposition 4 Let kg > 0. Then there exists a unique multiplier \* € (1.

Proof: Existence has been proven. Let us prove uniqueness. First observe
that, from Remark 2, we have 01 f(k;,L}) = {fu(k;i, L))}, Oaf (kf,L}) =
{fu(kf, L)}, for every ¢. We have three cases.

1. If for any ¢, >, ¢;* > 0, then A} (n) = njﬁ;fuj(c:j,lfj) with ¢7 > 0.

2. Since ko > 0 there exists ¢ with >, ¢;* > 0.

(a)

When Y, ¢&" > 0, let T be the first date where Y, ¢4’ = 0 (and hence
> 5 =0). From ¢t =0 to t =T — 1, A\}(n) is uniquely determined.
We have, from (12), AL(n) fx(kx,m) = AL_ | (n) and AL (n) is uniquely
determined. But we also have AL (1) fr(k}, 1, L5, 1) = Ap(n) and
AJ41(n) is uniquely determined. By induction, the result holds for
every t.

When Y, " = 0, let T be the first date where Y, ¢4 > 0. In
this case, AL(n) = n; §ug(c*TJ, 137) with ¢;7 > 0. We have, from (12),
AL () fr (K%, La) = AL (n) and AL_ | (n) is uniquely determined. By
backward induction A} (n) is uniquely determined from 0 to T—1. We
also have A%, (n) fr (K1, L) = Ap(n) and AL (n) is uniquely
determined. By forward induction, the result holds for every t >
T+ 1.

Let us denote I = {i |n; >0}, B =max{f;lic I}, 1 ={icI| B =0} and
L={iel]|p;<p}.



We now show that the consumption and leisure paths of all agents with a
discount factor less than the maximum one converge to zero. The proof is very
simple compared to the one in Le Van, et al. (2007) which uses the supermodular
structure inspired by lattice programming.

Proposition 5 If (k*,c*, 1*") denotes the optimal path starting from ko, then
Vi€ Iy, ¢f' — 0 and [ — 0.

Proof: Consider problem R;

Vilks, kern) = max ) niBu’(ci, 1f)

i=1
st. Y Gtk < F (kt,Z(l - z;‘)) + (1 = 0)k.
i=1 i=1

It is easy to see that the Pareto problem is equivalent to

max Y Vi(ke, kri1)
t=0
s.t. 0 S kt+1 S F(k‘t,m) + (1 — (S)]Ct, Vi Z 0

ko is given.

Observe that

m ) t o
Vilke, kep1) = ﬁtmame <%> u'(ct, 1)
i=1

F <kt,zm:(1 - z;’)) + (1= 6)ky.

Denote Z! = (ni(&)t). From the Berge Maximum Theorem (1959), the

IN

m
s.t. Z Ci + ]{Jt+1
i=1

B
strict concavity and the increasingness of the utility functions, the optimal

c*t, I** are continuous with respect to (Z%, k¢, ks11). Denote these functions by
(TUZE kf ki), A(Z0 k; K7y ), Let 5%, &% denote the limit points of k7, k7
when ¢ — +oo. Then, fori € I, I'(Z*, k}, kj, ) converges to (0, (1;)icr,, k*, £*) =
0, and A“(Z', k}, ki 1) converges to A*(Oz,, (1i)ier,, K5, 6%) =0. ®

3 Existence of competitive equilibrium

We now give the characterization of the competitive equilibrium. For each
consumer i, let o > 0 denote the share of the profit of the firm which is owned
by consumer i. We have Y./*, o' = 1. Let ¥ > 0 be the share of the initial
endowment owned by consumer i. Obviously, > .-, 9" = 1. Clearly, ¥° ko is the
endowment of consumer 1.

10



Definition 1 Let kg > 0. A competitive equilibrium for this model consists of

*

a sequence of prices p* = (p})i2, for the consumption good, a wage sequence

*

w* = (w})2, for labor, a price r for the initial capital stock ko and an allocation
{c*t k*, 17" L**} such that
i)
¢t e (P11 e Z‘f,L*i ey k" el
p* € \{o},w* el \{0o},r >0.

ii) For every i, (c*',1*") is a solution to the problem
max 3,2 fiu’ (i, 1)
[e%e] * 4 e ] %71 e o] * 7 Tk
st Dobici+ 2 owily <Y owitd'rko +o'w

where 7 is the maximum profit of the single firm.
iit) (k*,L*) is a solution to the firm’s problem

o0

T = maxzp:[f(ktalft — k] - Zwt Ly —rko
st 0 < kppr < f(ke, Le), 0 < Ly, Vt
iv) Markets clear: Vt,
m .
ZC ki = (kZ,ZLZ"> )
i=1

P+ Ly =1,L; =Y Lj and kj = ko.

i=1

We have proved that there exist Lagrange multipliers

M) = (AT, N (), X (), A% (), A ()
€ L x ()™ x I x (I)™ x (I1)™, i = 1..m,
for the Pareto problem. In what follow, we will prove that, with given (c*,

k*,1*, L*), one can associate a sequence of prices, (p;)$2,, and a sequence of
wages, (w})i2,, defined as

pf o= AWt
wy = NSk, L) vt
where fr(kf, L}) € Oaf (kf, L}), and a price r > 0 for the initial capital stock

ko such that (¢*,k*,1* L* p*, w*,r) is a price equilibrium with transfers (see
Definition 2 below). The appropriate transfer to each consumer is the amount

11



that just allows the consumer to afford the consumption stream allocated by
the social optimization problem. Thus, for given weight n € A, the required

transfers are:

Zpt )+ Z w; ()i (n Zw — 'k — a'm* (n)
=0

where

NE

Zpt (), Ly () = ki ()] = wi(n) Ly (n) — rko.

t

I
o

According to the Negishi approach, a competitive equilibrium for this economy
corresponds to a set of welfare weights n € A such that these transfers equal to
zero. Now we define an equilibrium with transfers.

Definition 2 A given allocation {c**,k*,1*', L**}, together with a price se-
quence p* for consumption good, a wage sequence wW* for labor and a price
r for the initial capital stock ko constitute an equilibrium with transfers if

i)
ct e ()" Ire ()" LT e ()" k" e L,
p* € \{0},w*el\{0}, r>0

ii) For every i =1,...,m, (c**,1*%) is a solution to the problem
o0
maxz Bl (ch, 1)
o0 o0 o0
Zptct Zwi‘li SZP:C? Zw;‘lf’
t=0 t=0 t=0
iii) (k*,L*) is a solution to the firm’s problem:

T = maXZpZ‘[f(kt,Lt —kiya] — Ztht*Tko

s.t. 0 kt+1 S f(kt,Lt),O S Lt,Vt

IN

iv) Markets clear

m m
Yotk =1 <k2‘, ZL;”) .V,
i=1 i=1
m
Ly =) L1 =1-L'and kj = k.
i=1
The difference between two definition - competitive equilibrium and price
equilibrium with transfers - are the budget constraints of consumers. If the

12



transfers ¢;(n) = 0 for all ¢, a price equilibrium with transfers is a competitive
equilibrium.

Before proving existence of an equilibrium, we will first prove that any solu-
tion to the Pareto problem, x* = (c*!, k*,1*%), associated with kg > 0 and n € A
is an equilibrium with transfers, with some appropriate prices (p;) € ¢% \ {0}
and wages (w}) € €% \ {0}.

The following result is required.

Proposition 6 Let ky > 0.
1. For any € > 0, there exists T such that, for anyn € A,

+oo
Z)\l ZC”<E
T
ZAl Vfr (ki LY) Zz*l <e

ZA Sk, Ly) <

2. There exists M such that, for anyn e A,

+oo
Z)\lt(n)chz < M
Z/\ Wik, L)Y < M
ZAl Vokf, LY) < M.

Proof: 1. We know that there exists A such that c;*(n) < A, Vt, Vi, ¥n € A.
Therefore

T ) +o00 _ _ ‘ '
ey = Y S wa ) - w'0.0)
i T 7
+o00 . +oo 4
SN SNk L) Y1
T i T

i

v

Let € > 0. There exists T such that ﬁ —5 < £. Hence, SN ()Y, e < e,
+Oo MNe(n) fo(ky, L) >, 17" < e, for any 1.
We now prove that for T large enough, S+ X' () fr(kf, L) < ¢ for any
1. We have

> et = fkf LY = ki
Since

FRi L) = F(R{ LY) = £0,0) = Sy, LKy + fo(ky, L)Ly,

13



we obtain by using (9):

T+t T+1
SO et = Apfukp L)k — Mpy K+ > M fo(ki Ly L
t=T 7 t=T

Let 7 — +o00. Since A' € 1!, and k; < max{ko, k}, Vt, we have

+oo +00
SN = A Sk L)k + S N (kL L)L
t=T 7 t=T

v

—+o00 —+o00
DONSLlk L)L =Y M fu(ky, L) (m =Y 1) (13)
t=T t=T

%

Hence, for T large enough,

400 +oo Too
mZAifL(kI,LZ) < Z)\%ZCIZ + Z)\%fL(k:’Lr)eri <e
t=T t=T

t=T

A i

for any 7.
2. Obviously:

% A

+oo +oo
SN G LN I £ M= YA (4)
0 0 1

—+00
2 1 ,
1 * * _ i
;Ath<kt7Lt> < My=x 1_ﬁ;u (A,1).

Proposition 7 Let kg > 0. Let (k*,c*,L*,1*) solve the Pareto problem asso-
ciated with n € A. Take

pi = A wi =N fr(kf, Ly) for any t
andr = Xj[Fy(ko,0) +1—4].

Then {c*, k*,L*, p*,w*,r} is an equilibrium with transfers.

Proof:
i) We have

e ()" 1 e (() kK e, pt el whell.

From Remark 1 statement 4, p* # 0, and together with Remark 2, w* # 0.
ii) We now show that (c*¢,1*%) solves the consumer’s problem. Let (cf,1%)
satisfy

oo o0 [e.9] o0
E ptct+§ wtltSE D&y +§ wils".
t=0 t=0 t=0 t=0

14



By the concavity of u?, we have:

A= Bl (e, 1) = Y Bl (e, 1)
t=0 t=0
Z z l*z ct + Zﬁt *z Z*z l*z _ lz)
t=
)

Combining (3) and (6) yields
oo /\1 /\21 )\1 k*,L* )\41 4 /\51 ) )
t=0 i t=0 i
=N\ Al (ks LY) )\5z 1 —lZ
> et =)+ Ao ik, L) (I =1 +
; (e’ =) tZ; m Z
oo 1 * L* )
> Z)\it(ct _1_2)\ fL(kt’ )(l*z_lz)
=0 'l t=0 i
= Pr o wi i — W} 5 i
= > =)+ Y L 1) >o0.
—o =

This means (c*?,1*%) solves the consumer’s problem.
iii) We now show that (k*,L*) is solution to the firm’s problem. Since
pi =\, wi = A\ fr(k;, L}), we have

oo

T =Y NIk L) = k) leka;: ) L — rko.

t=0

Let :
Z)\ (ki L7) — kiq] lekat*, Li —rko
T
_<ZAg[f(kt,Lt — k] — ZA fr(ki, L} Lt—rk())

t=0
By the concavity of f, we get

T
Ap = Z/\ Su(ky, Li ) = D Ak = ki)

t=0
P‘lfk( IaLI) - /\0](k1 - k'l)
+A (K7, L) = Ap_1](k — kr) = Ap(Kpyq — kra)-

By (4) and (9), we have: Vt =1,2,...,T
I\ fe(kEL LE) = My ] (k] — ke)

= =N (k — ki) = Xk > 0.
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Thus,
Ar > =Ap(kiiy = krgn) = =Apkpgq + Apkryn > =Apki .

Since A! € I3, sup k., < 400, we have
T

lim Ap > lim — A5, =0.
T—+o0 T T T—+oo ToT+1

We have proved that the sequences (k*, L*) maximize the profit of the firm.
Finally, the market is cleared by the strict increasingness of the utility func-
tions. m

Let kyp > 0. From Proposition 4, we define the following mapping

n) = pim)e( Zwt )i (n Zwt —0'rky — o'm* (1)
t=0

where
pi = ALwp =N folkf, LY), vt
) = > ik ), Li () — ki (n Zwt —rko.
t=0

This mapping ¢; is uniformly bounded (see Proposition 6, statement 2).

Proposition 8 i) Let kg > 0. Then for anyn € A, ©*(n) > 0.
ii) If n; = 0 then Vt, ci* =0, I;* = 0 and ¢;(n) <0

Proof: i) Let (ko,0,0,...) € II(ko). Then

™(m) = As()[F(ko,0) + (1 — 8)ko] — rko
= AM)[F(ko,0) + (1 = 8)ko] — A5 (m)[Fr(ko,0) + 1 — d]ko
> 0.

ii) Let 7; = 0. From Remark 1, ¢;* = [J* = 0, Vt. Now, we have

¢i(n) = Zpt*(n) +Zwt )i (n Zwt ~Virko — alr* (1)
= Zw —'rky — o'm*( )S—wa(n)<0, since w* € I} \ {0}.
t=0 =
[

We can now state our main result.

Theorem 2 Assume U1, U2, U3, F1, F2, F3. Let kg > 0. Then there
exists 1 € A,n >> 0, such that ¢;(7) = 0,¥i . This means there exists a
competitive equilibrium.
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Proof: We first prove that ¢; is continuous for any i. Let (™) — 7. Since,

it (™) = ), ™) — 1 () k(™) — ki (m),

and if >, ¢ (n) > 0 then pi(n™) — pi(n), wi(n™) — wi (n). It remains to be
proven that p; (n™) — p;(n), w; (n™) — wi(n) even 3°,¢;”(n) = 0. Let 7 = {t :
> ¢i?(n) = 0}. From the proof in Proposition 6, there exists M such that for
any n € A,

+oo

> wi(n) ZA ) fu(ki, Li) < M

t=0 t=0

and for any € > 0, there exists Ty such that, for any n € A, for any T' > Ty,

+oo
> win) ZA nfu(ky, Li) < e
T

These inequalities show that {w*(n™)} is in a relatively compact set of £'. We
can assume that it converges to (w;) € ¢*. From (12), for t € T,\{(n") — A} =

Wy
fr(ki,m) . . .

When 37, cg’(n) > 0, consider T, the first date where 3, ¢/ (1) = 0. For
t=0,...,T — 1, we have A} (n") — Al(n). Since AL(n™)frL(ki(n™), Li(n")) =
A (n™), we have A} fr(k%(n),m) = AL_,(n). ;From Proposition 4, and rela-
tion (12), we have AL = AL (7). In other words, A&(n™) — AL (n). By induction,
AL(n™) — Ai(n) for any t > T.

Use the same arguments to prove that A\}(n™) — A}(n) for any ¢, when
Z]‘ cy’ (n) = 0.

From these results we get w; = w; (n) for any ¢.

It follows from (13) and (14) in Proposition 6 that for any n € A, any T

BT i N *4 - Ry
mZu(fl,l)zz)\tlzct ZZA%fL(kt,Lt)Lt
i t=T i T
or

“+oo

T ‘ I ) )
% YW A1) =Y N (e + kL IO = m Y N fo(k], LY) (15)
7 t=T T

%

Let € > 0. From inequality (15), there exists T such that for any n we have:

> pr e i) + S wr ()i (n

t>T t>T

_Zwt — ko — o Zpt )ZC?(?? )
t>T t>T i

=Y wim)m =Y L") —rkol < e
t>T i
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and

S pr et + 3wl )i (n

t>T >T
= wh(m) =0 (ko —a' > p* () > e (n)
t>T >T i
=3 w(n) Zz*l (nko| < e
t>T

Consider ¢t € {0,...,7 — 1}. One has: pf(n™) — p*,(n), wi(n™) — w;i(n),
it (") — ef*(m), (") — ;' (n), k{ (™) — ki (n). Thus, for n large enough,
we have |¢;(n™) — ¢:(n)| < 3e. The proof that ¢; is continuous is complete.

Observe that ), ¢;(n) = 0 for any by Walras Law. Let us define ¥ : A=A,
U(n) = (V1(n),Y2(n),...,¥n(n)) where ¥;(n) is given by

n + & (1)
L+ ¢i(n)

with ¢;(n) = —¢i(n) if ¢;(n) < 0, and ¢;(n) = 0 if ¢;(n) > 0. ¥ is a continuous
mapping from the simplex into itself. By the Brouwer fixed point theorem, there
exists 7 € A such that ¥(n) = 1. We have

i(n) =

_ )\—i—(b
i = T——m i 16
1 1+Zzl¢( @anb (16)

If 1j; = 0, Proposition 8 (ii) implies that ¢;(15;) < 0 and ¢;(7) > 0 - a contradic-
tion with (16). Thus, 7; > 0, ¥i. If Y ¢;(7) > 0, then ¢;(7) > 0, ¥i. From the

i=1
definition of ¢;(n ) this implies ¢;(n) < 0, Vi. But this contradicts the Walras

Law which says Z@( ) = 0. Thus, Zcb (7) = 0 which implies ¢, (77) = 0, Vi.
i=1 ]
But in this case we have ¢;(1) > 0, Vz From the Walras Law we have ¢;(1) = 0,

Vi. m

Remark 3 Here, existence of equilibrium is obtained without assuming, as in
Bewley (1972), that any consumer i has at each t an endowment wi > 0 which
satisfies Yy ;*, wi € int €2

4 Appendix A

Proposition 9 Assume ko > 0. If (¢',1°) is a Pareto optimum if and only if
there exists n € Asuch that (¢, 1°) solves the problem max 3>, m; 375 Blut(cj, 12)
in the feasible set from k.

Proof: Let U'(c,1%) = S5 Btu(cl, 1), Let B(ko) denote the feasible set of
the consumption and leisure sequences from ky. (ko) is compact, convex for
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the product topology. Let U be
U={zeR7:3(c1") € S(ko),Vi, z <U(c",1")}

Since the functions u?, F are continuous in the positive orthants, the functions
U’ are continuous on the feasible set for the product topology. Therefore, the
set U is convex, compact in R7". Let (¢%,1") be a Pareto optimum allocation,
¢t =U"e,1") and B = {(¢")+R7, }. We have BNU = (). From the Separation
Theorem, there exists (11, ...,nm) € R™\ {0} such that

n121++77m2m gnl(cl +T1)++nm(<—m+7'm)

for any (z;) € U, any r = (r1,...,rm) >> 0. Take z; = (;, Vi, r; = 1 and
let 7;(j # i) go to zero. We get 7; > 0. That means n € R \ {0}. We can
normalize n € A. Now, if (c?,1") is feasible then

ZniUi(ci,li) < ZmUi(Ei,l_i) +mri+ .. F Tm
i i
for r >> 0. Letting r go to zero, we get

ZniUi(Ci7 li) < ZniUi(Ei7 il)

K2

Conversely, if (&,1%) solves
m oo
max Y i Y Biu' (e}, 1)
i=1  t=0
in the feasible set from kg, it is only a weak Pareto optimum. If n >> 0 or if
the solution is unique for any n € A, which is the case in our model, then it is
a Pareto optimum. m
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