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Abstract

We build an infinite-horizon dynamic deterministic general equilibrium model with
imperfect market (borrowing constraint) in which heterogenous agents invest in capital
or financial asset, work and consume, a representative firm maximizes profit. Firstly,
the existence of intertemporal equilibrium is proved even if aggregate capital is not
uniformly bounded. Secondly, we define and study financial bubble and physical bub-
ble. Both financial and physical bubbles may occur but they can not occur at the same
time. Lastly, we study impact of physical productivity and financial dividend on the
physical market which we call “the race between productivity and dividend”.

Keywords: Financial asset bubble, capital asset bubble, intertemporal equilibrium,
productivity, infinite horizon.

1 Introduction

2007-2012 recession requires us to reconsider some fundamental problems. What is an asset
price bubble 7 what is the root of bubble? Other fundametal problem is about the role of
financial market on aggregate economic activity. Financial market is considered to be one
of main causes of economic recession. But, does financial market always cause an economic
recession? What is the role of financial market on productive sector?

Our approach to study these problems is to construct a dynamic deterministic general
equilibrium with heterogenous agents which has financial asset, physical capital and en-
dogenous labor supply. Consumers differ in discount factor, initial wealth!. Heterogeneous
consumers invest, work and consume. They have two choices to invest: productive sector
and financial sector. At date ¢, if one invests to physical capital then at date t+1, he (or
she) will receive a return that depends on productivity of the economy. In the financial
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LA detailed survey on the effects of heterogeneity in macroeconomics can be found in [Guv12]
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market, if one buys one unit of financial asset then at next date he (or she) will be able to
resell this asset and also receive a dividend in term of consumption good. We introduce a
borrowing constraint on financial asset under which, financial market is incomplete.

The first contribution of our paper concerns the existence of intertemporal equilibrium.
Becker, Boyd III, and Foias ([BBIF91]|) have demonstrated the existence of an intertem-
poral equilib-rium under borrowing constraints with inelastic labor supply. Kubler and
Schmeider ([KS03]) have constructed and proved the existence of Markov equilibrium in
infinite-horizon asset pricing model with incomplete market and collateral. Such Markov
equilibrium is also proved to be competitive equilibrium. Becker, Bosi, Le Van and Seeg-
muller ([BBLVS11]) proved the existence of a Ramsey equilibrium with endogenous labor
supply and borrowing constraint on physical asset. In these paper, they need an assump-
tion (on endowment in [KS03], and on production function in [BBIF91], [BBLVS11]) under
which aggregate capital and consumption are uniformly bounded.

Our framework is rich enough to cover all endogenous labor supply, physical capital, and
financial asset in imperfect market which has borrowing constraint. To prove the existence
of equilibrium, we firstly prove existence of equilibrium in each T - truncated economy.
Then this sequence of equilibria has a limit for product topology, such limit is proved to
be intertemporal equilibrium.

An other value added of our paper is that we don’t need that aggregate capital and con-
sumption are uniformly bounded to ensure the existence of intertemporal equilibrium.

Our second contribution is about asset bubbles. We focus on bubbles in rational expec-

tation model with heterogenous agents. A survey on models to study bubble as asymmetric
information, overlapping generation, heterogeneous-beliefs can be found in [BO12].
We say that there is a bubble on an asset if the price of this asset is greater its fundamen-
tal value. As we know, bubble does not exist neither in finite horizon rational expectation
model nor in model without credit friction. In [BBLVS11], they define physical capital
bubble in a Ramsey model. In their framework, under very mild conditions, physical cap-
ital bubble rules out. In rational expectation model without endowment, Tirole ([Tir82])
proved that there is no financial asset bubble. Le Van and Vailakis ([LVY12]) study fi-
nancial asset bubble in an infinite horizon model which has endowment consumption and
financial market with borrowing constraint. Diffirent from [Tir82], there is a room for
financial asset bubble in [LVY12].

In our framework, we define and study both financial asset bubble and physical capital
asset bubble. Both bubbles can occur but they can not occur at the same time. We prove
that if there is physical asset bubble then in future, no one invests to productive sector.
Hence, the economy will become financial market without productive sector. Consequently,
there will be no financial asset bubble. We also give conditions on exogenous variables un-
der which there is financial asset bubble at any equilibrium.

In our framework, the roots of asset bubbles are agents’ heterogeneity, borrowing con-
traints with infinite horizon.

Analysing the relationships between financial market and productive sector is our third
contribution. We study this problem by using a framework with exogenous labor supply
By an economic recession, we mean a situation in which aggregate capital is less than a given
level, say K. There are many sources for economic recession as war, policy shocks, financial
shocks..., but we focus on physical productivity. We show that if physical productivity at
level K is lower than depreciation rate, i.e., F'(K) < § and financial dividend is not so low
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then economic recession will appear at infinitly many date.
Futhermore, the race between financial dividend and physical productivity is completely
studied

e When F’(0) < ¢, and dividend of financial asset is not so small then capital market
will disappear at infinitly many date.

e When F'(0) < — — 1+ d we have an example in which dividend of financial asset is
high and no investment in capital.

e When F’(0) = oo then the economy will invest at any period whatever are the
dividends.

e Given F’(0) finite, if & is very large w.r.t. &41 then Kiyq > 0.

Related literature:

Doblas-Madrid [DM12]: This paper presents a model of speculative bubbles where ra-
tional agents buy an overvalued asset becausegiven their private informationthey believe
they have a good chance of reselling at a profit to a greater fool.

Martin and Ventura ([MV12]), Ventura [Venl2]: borrowing constraint entrepreneurs
can borrow only a fraction of their future firm value. Once financing constraints are
present, bubbles not only have a crowding out effect, but can also have a crowding-in ef-
fect, and thus allow a productive subset of entrepreneurs to increase investments.

Many significant researchs have explained why credit market frictions can make impact
on aggregate econnomic activity ([GK10],[CMR10])

Gabaix [Gabl1] proposes that idiosyncratic firm-level shocks can explain an important
part of aggregate movements.

Basu, Pascali, Schiantarelli, Serven [BPSS12] shows that aggregate TFP, appropriately
defined, and the capital stock can be used to construct sufficient statistics for the welfare
of a representative consumer.

2 Model

The model is an infinite-horizon general equilibrium model without uncertainty. There are
two types of agents: a representative firm without market power and m households.

2.1 Households

Each household invests in physical asset or financial asset, works, and consumes.

Consumption good: at each period ¢, price of consumption is denoted by p; and
agent 4 consumes ¢;; units of consumption good.



Intertemporal equilibrium with financial asset and physical capital 4

Capital: at time ¢, if agent 7 decides to buy k; ;41 > 0 units of new capital, then at
period ¢t + 1, after having depreciated, agent ¢ will receive (1 — d)k; +41 units of old capital,
and k; ;41 units of old capital can be sold with price r¢41.

Assumption 1. At initial period 0, each household i has a initial capital endowments
m

which is positive, i.e. kig >0 fori=1,...,m, and ) kjo > 0.
i=1
Financial assets: at period ¢ if agent ¢ decides to invest a;; > 0 units of financial
asset with price ¢; then she will receive &1 units of consumption good as dividend and
she will able to sell a;; units of financial asset with price g;+1. These assets may be lands,
houses...

Assumption 2. For everyt > 0,0 < & < o0.

Assumption 3. At the initial period 0, each household i has a initial financial asset

m
endowments who is positive, i.e. a;—1 >0 fori=1,...,m, and ) a;_1 = 1.
i=1
In [BBLVS11], they required k; > 0 for every i. By constrat, we don’t need k; o > 0.
Labor: at each period t, each household 7 is endowed 1 unit of leisure-time, leisure de-
mand of agent 7 is denoted by A; ; and the individual labor supply is given by l; ; =1 — ;.
The price of labor is denoted by w; at each period ¢.

Table 1: Household i’s balance sheet at date ¢

Expenditures Revenues
Consumption DiCit we(1 — Aiyg) wage
Capital investment — p; (ki1 — (1 — 0)kiyr) | rekis capital return
from date t — 1
Financial asset Qi (gt + pt&t)ai—1 financial delivery
from date t — 1

Each household 7 takes sequences of prices (p,r, w, q) = (ps, e, Wi, ¢1) 72 as given and solves

+o0
(Pi(p, 7w, q)) - max [ Bruilein Aid) (1)
((ci,t,ki,t,,\i,t,ai,t);;l):: =0
subject to kit+1 > 0,aic > 0, N € [0,1], (2)
(budget constraints)  pe(cit + kity1 — (1 — 0)kit) + qraiy
< rekie 4 (g0 + pee)aii—1 +we(1 — Niyg), (3)

where ; is the discount factor of agent ¢ and w; such that

Assumption 4. u; : ]R%r — R is CY, strictly increasing and concave.

2.2 Firms

We consider a representative firm with no market power. The technology is represented by
a constant returns to scale production function: F'(K;, L;), where Ky, L; are the aggregate
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capital and the aggregate labor.
For each period, firm takes prices (p;, ¢, w;) as given and solves

(P(Tt, wt)) : th(l)(?iiZO [ptF(Kta Lt) — 1Ky — wi Ly (4)

Assumption 5. 1. F: ]R%_ — Ry is Ct, constant returns to scale, strictly increasing
and strictly concave.

2. Inputs are essential: F(0,0) = 0.

3. F(K,L) — 400 when L >0 and K — 400 or when K >0 and L — +o0.

2.3 Equilibrium

We define an infinite-horizon sequences of prices and quantities is

(p7 r,w,q, (Ci> ki, >‘i7 ai);il, Ka L)

where for each i =1,...,m
(cia ki7 >\i7 a/i) = ((ci,t)zr:oga (ki,t):_zoga (wi,t)j_zoooa (ai,t)jzooo) € Rioo X R+Oo X RIOO X R+OO7
(p7 r,w, Q) = ((pt)zj_:o(c;v (Tt)?_:o& (wt);_:o& (Qt)jzo(?) c R+Oo X RIOO X Rioo X R+Oo7
(K,L) = ((Kp)is5, (L)) € RI™® x RE™.

We also denote zy := (p,r,w,q),z; = (¢, ki, Niya;) for each i = 1,...,m, 241 = (K, L)
and z = ()4t

_ — _ _\ too
Definition 1. A sequence of prices and quantities <]3t, T, We, Gty (Cits ki, Nt Qi) 1y, K, Lt>

s an equilibrium of the economy € = ((ui,ﬁi,ki,o,ai,,l)ﬁl,F,) if
(i) Price positivity: py, Ty, Wy, G > 0 for t > 0.

(ii) Market clearing: at each t > 0,

good : i(éi,t + kigr1 — (1= 0)kiy) = F(Ke, Lt) + &, (5)
i=1

capital : K, = i ]_ﬁ"t, (6)

i=1
labor : L= i lit, (7)

i=1
financial asset : 1= i it (8)

i=1

oo
(iii) Optimal consumption plans: for each i, <(Ei’t, Kit, Nit, dm)ﬁl) . is a solution of the
t—

problem (P;(p,7,w, q)).

(iv) Optimal production plan: for each t > 0, (Ky, L;) is a solution of the problem
(P(re, wy)).
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Lemma 2.1. Labor supply is bounded.
m

Proof. 1t is clear since l;; =1 — \;; € [0,1] and ) [;+ € [0, m]. a
i=1

The following result proves that aggregate capital and consumption are bounded for
the product topology.

Lemma 2.2. Individual and aggregate capital supplies and consumptions are in a compact

F
set for the product topology. Moreover, they are uniformly bounded if gK(oo,m) < and

(&)¢ are uniformly bounded.

Proof. Denote

DO(F) 55 KOvé-O) = F(K07m) + (1 - 5)KO + 505 (9)
Dt(Fv(s)Kﬂug()?"wgt) = F(Dt—l(FuévKOaéou'”7£t—1))m)
+(]— - 5)Dt—1(F7 5) K07€07 s 7£t—1) + gt vt > 0. (10)

m
Then ) ¢t + K1 < Dy for every t > 0.
i=1

F
We now consider the case where —(oo,m) < J and there exists & > 0 such that

0K
& < & We are going to prove that 0 < K; < max{Ky,r} =: K where x such that?

F(z,m)+ (1 —6)x 4+ £ = z. Note that if y > x then F(y,m)+ (1 =)y +£& <y.
We have

IN

Kipr =Y kizn F(Ky,m)+ (1-6)K: + &
i=1

< F(Kim)+ (1-6)K +¢&.

Then K} < F(Ko,m)+(1—0)Ko+§ < F(K)+(1—-90)K +¢ < K. Iterating the argument,
we find K; < K for each t > 0.
m

Consumptions are bounded because ) ¢;; < F(Ky,m)+ (1 —6) K, +¢&. O
i=1

3 The existence of equilibrium

We follow Becker, Bosi, Le Van et Seegmuller ([BBLVS11]). First, we prove the existence
of equilibrium for each T'— truncated economy 7. Second, we show that this sequence of
equilibriums converges for the product topology to an equilibrium of our economy &£. The
value-added in our proof is that we do not need aggregate consumption and capital are
uniformly bounded.

In order to prove the existence of equilibrium for 7— truncated economy £7, we prove
the existence of the bounded economy EZ;F and then by using the concavity of the utility
function, we will prove that such equilibrium is also an equilibrium of £7.

Zsince F(-,m) is concave, x is unique. The existence of z is ensured by F(0,m)+¢ > 0 and lim F(z,m)—
xr— 00
dx+£<0
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3.1 The existence of equilibrium for 7— truncated economy &7

We define T— truncated economy £7 as £ but there are no activities from period 7'+ 1 to
the infinity, ie., ¢;t =bij—1 = kit =Xiy = Ky =0foreveryi=1,...,m,t >T + 1.

Then we define the bounded economy EbT as £ but all variables (consumption demand,
capital supply, leisure demand, asset investment, capital and labor demands) are bounded
in the following bounded sets:

Ci = [0,BJ"', B.>m+ F(Bg)+(1-0)Bk + max &,
Ki = [0.B]", B> D" :=maxDi(Ko, &, &)
A; = [0, 17,
A; = [0,B)]", B,>1
= [07 B[(]T+17 BK > mBk-
c 0,BL]", Br>m

Proposition 3.1. Under Assumption 1, 2, 3, 4, 5, there exists an equilibrium for SbT.

Proof. See Appendix A. We adapt the method of proof given by Florenzano (1999) and,
in particular, we use the Gale - Mas Colell lemma. 0

Theorem 3.1. An equilibrium of 5,;[ is an equilibrium for ET.

Proof. We follow Becker, Bosi, Le Van, et Seegmuller ([BBLVS11]).
o _\T
Let (ﬁt, e, Wi, Gt (Eiﬂg, kil'ﬂg, )\i,tu di,t)?llv K, Lt> 0 is an equilibrium of ng Note that ki,TJrl =
=

a;7 =0 for every i = 1,...,m. We can see that conditions (i) and (ii) in Definition 1 are
hold. We will show that conditions (iii) and (iv) in Definition 1 are hold.

For Condition (iii), let z; = ((ci,t, ki7t,)\i7t,ai7t);l1)tT:0 is a plan of household 7 such that
budget constraints for each t =0,...,T.

T T _
Assume that Y Blu;(cit, Mit) > > Blui(Cit, Nig). For each v € (0,1), we define z(y) :=
=0 =0

vz + (1 — 7)%. By definition of &, we can choose v sufficiently close to 0 such that
zi(y) € C;i x K x A; x A;. Tt is clear that z;(vy) is satisfied budget constraints.
By the concavity of the utility function, we have

T T T
> Blui(ein(), Xix(1) = Y Bluilei hig) + (1= )Y Blui(@ir, M)
t=0 t=0 t=0

T
> Z Biui(Cit, Ait)-
t=0

Contradiction to the optimality of ;. So, we have shown that conditions (iii) in Definition
1 is hold. A similarly proof of conditions (iv) in Definition 1 permits us finish our proof of
Theorem. ]

3.2 The existence of equilibrium in &

To take the limit of sequence of equilibria, we need the following assumption
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Assumption 6. The utility function u; take the separable form w;(c;¢)+vi(Ni¢) with u;, v; :
R: — R, and u;,v; € CL. In addition, we assume u;(0) = v;(0) = 0, u}(0) = v}(0) = +o0,
wi(cit), vi(Xig) >0 for cig, Niy. Finally, u;,v; are concave.

Assumption 7. For each i, utility of agent i is finite
o0
Zﬁ;’:ui(Dt(Fa(saKO’gO,'"757&)) < 00. (]‘]‘)
t=0

Remark 3.1. Assumption 7 is hold if there exists b < oo such that, for everyi € {1,...,m}

;ﬂf max{&,} < oo, (12)
gﬁf(F’(b,m) +1—0)  max{&,, 1} < oo. (13)

Proof. Indeed, assume that there exists b < oo such that (12) and (13) for every i. De-
note A = F'(b,m), B = F(b,m). By using F(-,m) is increasing and concave, we obtain
F(z,m) < Az + B for every x > 0. Since definition of D;(Ky,&,...,&), we have

Dt(F757K07€07"'>§t) < (A+1_5)t+1K0+(A+1_6)t(B+§0)++(B+£t)
t
< (A+1-0)""Ko+ (B+max{&})) (A+1-06)°
sst s=0
Since u; is concave, there exists a; > 0,b; > 0 such that u;(x) < a;x + b; for every z > 0.
Then

hE

> Blui(Dy(F, 6, Ko, &, - .., &)) <

t=0

Bf(aiDt(Fv(s)K[)ugO?"‘751‘)+bi)' (14)

~+

A L

Case 1: A < ¢ then D.(F, 6, Ko,&o,...,&)

(12), (13), and (14) we obtain (11).
Case 2: A > 0, then

Ko+ (t+1)(B+ mggcfs). Combining with
s<

Dt(Fv(saKOv‘EO:"':gt) - (A+1_5)t+1K0+(A+1_6)t(B+§0)++(B+£t)
(A+1-68)H -1
A—-9§ )

Combining with (12), (13), and (14) we obtain (11). O

< (A+1-6)"Ky+ (B+ rggf{ﬁs})

Note that there exists some cases with F'(co,m) > 0 and (&); are not uniformly
bounded, conditions (12) and (13) are still hold. For example, if there exists b < oo such
that 3 < Bi(F'(b,m)+1—6) < 1 and & < o where > 1 such that a3;(F'(b,m)+1-§) < 1
then conditions (12) and (13) are hold.

Theorem 3.2. Under Assumption 1, 2, 8, 5, 6 and 7, there exists an equilibrium in the
infinite-horizon economy with endogenous labor supply, borrowing constraints and zero debt
constraints.

Proof. See Appendix B. We consider the limit of sequences of equilibria in £, when
T — oo. We use convergence for the product topology. O
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3.3 Model with exogenous labor supply
In this section, we consider a model in which labor is exogenous in order to study the

impact of productivity and financial asset on the capital market.

Each household 7 takes sequences of prices (p,7,q) = (pt, 7, qt)72, as given and solves
the following problem

+oo
(P;(p,7,q)) : max [Z ﬂfui(ci7t)} (15)
(eonkipan)r,) . "0
subject to kit+1 > 0,a;; >0, (16)
(budget constraints) pe(Cit + kitr1 — (1 — 0)kit) + qraiy
< rekig + (g + pe&e)aig—1 + 0. (17)

For each period, firm takes prices (p¢, ;) as given and solves

(P(pe;re)) - max [ptF(Kt) - nKt} (18)

(6°)i™, is the share of profit, 8 > 0 for all ¢ and ) " = 1.
i=1

In order to prove the existence of equilibrium, we only need the following assumptions
(note that we don’t need the assumption Il(imo F'(k) = +0)). The proof of existence of

equilibrium is similar to the case in which labor is endogenous.
Assumption 8. F(-) is strictly increasing, concave, F(0) =0 and F’'(c0) < 4.

Assumption 9. Initial endowment of each consumer and aggregate capital are strictly
positive

1{ai’71>0}+1{9i>0} > 0 Vi, (19)
Ky > 0. (20)

Since at equilibrium p, > 0 for every ¢ > 0, we can normalize by fixing p; = 1 for every
t > 0.

4 Bubbles

We give some general results about bubbles in this section. Other results will be presented
in a model with exogenous labor.

4.1 Bubble on financial asset

We consider an equilibrium (p, 7, w0, 4, (¢, ki, A, @)™, K, L). We observe that the Slater
condition is satisfied, hence we can write the Kuhn-Tucker necessary conditions to all
variables. Let fi;; denote the multiplier associated with budget constraints of agent 7 at
period ¢, and the multiplier of variable x is denoted by A(z). Note that f;; > 0 for all
i=1,...,m,and t > 0.
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Since for each t > 0, Z a;; = 1, hence for each ¢t > 0, there there exists #; such that
ai(),¢ > 0. Therefore )\( Z(t% ¢) = 0. FOCs of @)+ and ¢;,¢;¢+1 implies that
qt _ i) 441 i t+1 Pt

- - - = max —— =7y-—, (21)
Gt+1 + De18e41 My i€{lom} Rig Pt41
where v := max fivi(Cis1) . Therefore, for each t > 0 we have

ie{l,m)  ui(Cig)
Mt &t + &i41)-
Dt

Consequently, for each ¢t > 1

qo
o t_ +ZQ53, (22)
t—1
where Q¢ := [] 7s is discount factor of the economy from initial period to period ¢, for
s=0

each t > 1, and Qg := 1 by convention. Qt@ is discounted price of financial asset in term
bt

¢
of consumption good at period t. > Q& is present value of financial asset at period t.
s=1

The sequence (Z Qs&5)/5 is inscreasing and bounded by —, so there exists Z Q+&:. On
s=1 Po’ t=1

the other hand, (22) implies that (Qy),L5 is a descreasing and bounded sequence, hence
there exists . liin Q.
— T 00

Definition 2. The fundamental value 3 of financial asset

+o0o
FAg:=) Q& (23)
=1

Definition 3. We say there is a bubble on financial asset if the price of financial asset is

greater than its fundamental value: @ > Ay, i.e., . ligl Qiap > 0.
——+00

Ppo
X piée
Lemma 4.1. hm Qt— > 0 if and only if Z —= < 400
qt
qt
Proof. Denote H; := Q;—.
bt _
From definition of @, we have Q; = Q;_1v-1 = Qi— 1% L Hence, H;_ 1 =
Q-1 Gt + P&t
( + pt—&)Ht Therefore,
at
Ty Ps
Ho=H ] (1+=2). (24)

T s—1
3By the same way, we have: for each T' > t, o =a; = Qrar + > QL&, where Q° := [] v» for each
Dt s=t+1 h=t

s>t+1, and Q! = 1 by convention. And we can define the fundamental value of financial asset at date ¢

—+oo
by FA: := Y. QL&s. However, without loss of generality, we only consider at initial date

s=t
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Since Hy = Go/po > 0, we get that

Dss

1 — >0 ifandonlyif i 1 25
t_}glooQt > if and only i _}irlmi(+qs)<+oo, (25)
: : ptft
if and only if Z — < 400 (26)
t=1
O
Proposition 4.1. If there exists | € {1 ...,m} such that ltierinf aiy > 0 then there is no
— T 00
bubble on financial asset, i.e., hm Qt
— =400
Proof. Assume that there exists [ € {1,..., m} such that ltim Jrinf ai+ > 0. Then there exists
——+00

to such that a;; > 0 for every t > to.

If bubble occurs, then 7 := hr+n Qt— > 0. Therefore, there exists t; > g, and € > 0 such
o Pt

that a;; — eQtht > 0 for every t > t;. We construct a new strategy for household [ by
bt
keeping other choices except ¢;+,, and (@ +)¢>,

ag = alt—e— >0, t>1
Quqt
~ NPt
Ct, ‘= Clpy T€5—-
' ' Qqt
Then this new strategy violates the optimality of (¢, k;, @, \;), contradiction! O

We now give a necessary condition which depends on exogenous variables to the exis-
tence of financial bubble. For simplicity reasons, we write D; instead of Dy(F, d, Ko, &, - . ., &t)-

Theorem 4.1. (A Necessary Condition for Financial Bubble). If there exists A
such that Dy < A& for every t > 0 then at any equilibrium there is no bubble on financial
asset.

Proof. Consider at an equilibrium. Without loss of generality, we can normalize by setting
py = 1 for every t > 0. Assume that there exists A such that D; < A& for every t > 0,
then we have

ZQtDt<AZQt5t<oo

t>0

m
On the other hand, we have wy(1 — A\;t) < wily < F(Ky,m) < Dy and ) ¢ + Ky <
i=1
F(Kt, Lt) + (1 - (5)Kt + ft < Dt, hence thm Kt+1Qt =0 and
—00

Zwt(l_)\i,t)Qt < oo,

>0
oo
E Ci,tQt < Q.

>0
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Since budget constraint, we get for every i =1,...,mand ¢t > 0
CiQt + kipy1Qt + q1a; 1Qp = (14 + 1 — 0)k; 1Qp + (gt + &) aie—1Qr + wi(1 — Xit) Qs

Let ¢t run from 0 to 7', then take the sum and noting that k; ;41 [Qt —(rg41+1 —5)Qt+1] =0
and ¢;Q¢ = (q+1 + &+1)Q1+1, we obtain

T
> Qi+ kir Qi+ airqrQr = (ro+1—0)kio+ (g0 + &0)ai 1
t=0
T
+ we(l = Xig) Q. (27)
t=0
Consequently, there exists Tlim a; 7qrQr for each i =1,...,m.
—00
If Thm qr@T > 0 then there exists Thm a; T for each @ = 1,...,m. On the other hand,
—00 —00
m
> a; = 1 for every t > 0, hence there exists i such that Tlim a;7 > 0. According
i=1 oo
Proposition 4.1, we have Tlim qr@QT = 0, contradiction! O
—00

Corollary 1. Assume that F'(co,m) < & and that there exists £,& > 0 such that £ < & < &

for every t > 0. Then at equilibrium, tlim Qt@ = 0, i.e., there is no bubble on financial
—o Pt
asset.

Proof. Assume that (oo, m) < § and that there exists £, & > 0 such that £ < & < € for
K

every t > 0. Then Dy < K < z& for every t > 0, where K is given in the proof of Lemma

2.2. Using Theorem 4.1, we obtain the result. O

We now use the model with exogenous labor supply to study financial asset bubble.
Before state a sufficient condition for financial bubble, we need the following technique
result

Lemma 4.2. The following function is decreasing on (0, Dy)
fil@) = ui(w) = B,(F'(Do = @) + 1= 6 )uf (F(Do — @) + (1 = 8)(Do — 2) + &1 ).
Moreover, the equation f(x) =0 has a unique solution x; < Dy if
wi (D) = B, (F'(0) + 1= 6)ui(&1) < 0.
Proof. See Appendix C. O

The following Theorem suggests that when &y is very large with respect to Ky and
(&)e>1 then financial asset bubble occurs. Note that Le Van and Vailakis [LVY12] have

o0
given an bubble example in which ) & < &. We theorically prove that under some
i=1

conditions on exogenous variables, there is a bubble in financial asset.

Theorem 4.2. (A Sufficient Condition for Financial Bubble). Consider model with
exogenous labor supply. Assume that the two following conditions are true
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(i) For everyiec{1,...,m},
uf(Do) — 6:(F'(0) +1 = 8 )uf(&1) < 0 (28)

(i) there exists i € {1,...,m} such that

(7’0 +1- (5)]@‘7() + HiF(Ko) + foai,_l
> max(Bj1, Big) + (1 — ai-1)q(F, 6, Ko, (§t)>0), (29)

where

q(F, 0, Ko, (&)1>0) = Z - &t

t>1 EO(FI(DS) +1-9)

Buy = ()™ (B(F/(0) +1 - o)ui(&n))

&1 )
(F,8,Ko, (&)i>0)/"

Bi’Q = xT; + (F/)_l ((5 -1+
q
where x; is defined in Lemma 4.2,
then there is bubble in financial asset at any equilibirum.

Note that q(F, 4, Ko, (§)i>0) < t; (F’(oo)i 1—6)t

which does not depend on &j.

Proof. Consider an equlibirum. Assume that there is no bubble in financial asset then we

have gy = 3 Qués.

t>1
For each t > 0, we have

Hit+1 _ 1 < 1
ot _F,(Kt+1)+1—5 F/(Dt)+1—(5

e = max
(2

Therefore, for each ¢ > 0,

1
Qr < t—1
[1(F'(Ds)+1—9)
s=0
Consequently, go < ¢(F, 9§, Ko, (&)t>0)-
We now have for each i € {1,...,m},

(ro+1—8)kio+ 0'7(Ko) + oai—1 < cio+ ki1 + (1 —ai—1)qo-

Case 1: if K; =0. Then Y ¢ 1 + Ko = &1, so uj(c;1) > wj(&1). FOCs of k; 1 gives that
i=1

1 S B! (ciq)
F’(O) +1-6 — ug(cw)

ui(cio) = Bi(F'(0) +1 = d)uj(cin) > Bi(F'(0) + 1 — 6)uz(&1)-

. Hence,

Therefore, we have

o+ ki71 =cio < (u;)fl (ﬂZ(F/(O) +1-— 5)u;(§1))
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1 _ @ q(F,0, Ko, (&)i>0)
FIK)+1-6 q+& &1

&1 )
Q(R 9, Ko, (ft)tzo) .

Since markets clear, we have K; < Dy — ¢; 0 and then

Case 2: if K1 > 0 then . Hence,

K1<uw—%5—1+

Ci,1 < F(Kl) + (1 — 5)K1 + El < F(DO — Ci70) + (1 — 5)(D0 — CZ‘70) —|—£1
Again, FOCs of k; 1 gives that u)(c;io) > Bi(F'(K1) + 1 — d)u(ci1), therefore,
U;(CLQ) > /Bi(FI(DO — CL()) +1—- 5)u; (F(Do — CZ"()) + (1 — 5)(D0 — CZ‘70) + 51)

We now prove that one among two Conditions (i) and (i7) in Theorem 4.2 is not true.
If () is true then by using Lemma 4.2, we get that ¢; o < x; < Dy, so we have

- &
o+ kig <+ (F) (6 -1+ ). 30
. 5 ( ) Q(Fa (57 K07 (Et)tZO) ( )
Combining two cases, we have
(ro+1—8)kio + 0'm(Ko) + oai—1 < max(By, Ba) + (1 — a;—1)q(F, 8, Ko, (&)i0)
It means that Condition (iz) in Theorem 4.2 is not true. O
4.2 Bubble on capital asset
Definition 4. The rate of return p; is defined by
/
i (i 1
max p ul/(c t+1) = (31)
i ui(ci,t) 1—64 p;

So, we have 1 = (1—0+p¢)y: and so Q¢ = (1 =+ p;)Q¢41 for each ¢ > 0. By interating,
we get

I = (1=0+p)Q1=(1-0)Q1+ po@
= (1=0)(1—=6+p1)Q2+ poQ1=(1—-0)°Q2+ (1 —6)p1Q2 + poQ1

t—1
= 1-9)'Q+ Z(l —0)' 2 Qur1-

s=0
o0
Definition 5. We say that there is a capital asset bubble if 1 > > (1 — ) piQy11.
s=0

We can see that there is a bubble on capital asset if and only if tlim (1-96)'Q: > 0.
— 00
Before state the results in this section, we need the following lemma.
Lemma 4.3. Assume that F'(co,m) < ¢ and F(k,0) = F(0,1) = 0 for all k,1 > 0. At
equilibrium, if tlim Qi(1 —6)" > 0 then there exists a time to such that Ky = Ly = 0 for all
—00
t > to.
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Proof. See Appendix C. O
This result suggests that physical asset bubble is very dangerous because it will create
a great economic recession.

Corollary 2. Under conditions in Lemma 4.3, if there is a bubble on capital asset then
there is no bubble in financial asset.

Proof. By using Lemma 4.3, then there exists £y such that Ky = L; = 0 for every t > t.
We have k;; = 1—X;; = 0 for every t > to, hence ¢; 1 +qra; s = (gt +&;)ai—1. Since ¢;¢ > 0
for every ¢t > 0, we get that a;; > 0 for every t > ty. Therefore for each ¢ > 0, we have

Hit+1
Wit Ge = fi+1(qe1 + &+1), hence i1 =

have

, and consequently for each t > ¢ty + 1, we
ﬂz,t

to

t
H'YS H 'YS:QtO Pt

s=1 s=to+1 i to+1

t
Qt = H Vs
s=1
So, for each t > ty + 1, we have

to
Mi,to—&-l

QtQtai,t = i tGeQi -

Transversality condition implies that tlim Qtqia;r = 0. Hence
— 00

m
Jm Qrge = lim z; Qtqraitr = 0.
1=
]

Proposition 4.2. Under Conditions in Lemma 4.3 there is no bubble on capital asset in
any equilibrium which K; > 0 for every t > 1.

Proof. Assume that F’'(oo,m) < §. Consider an equilibrium in which K; > 0 for every

t > 1. Denote p; := Q. Since K; > 0, here exists ¢ such that k;; > 0. FOC of K; and k;;
Dt
gives that
L = 1 = max Hit =1 = Q1
FI(Ki)+1-6 pi+1-46 i i1 Qi

Therefore Q;—1 = (pr + 1 — §)Q; for every t > 1, then by iterating, we obtain
oo
o Y oyl
1= lim Qi(1—96)" + z;Qtpt(l )"
s=

Lemma 4.3 proves that tlim Qi(1 — 6)t =0, and consequently
— 00

o
1= 3" Q1 -5,
s=1
O
Proposition 4.3. Consider model with exogenous labor supply. Assume that F'(c0) < 4.
Then there is no bubble in capital asset at any equilibrium.
Proof. We will prove that tlim Qi(1 — 6)! = 0. Indeed, assume that tlim Qi1 -6 >0
—00 —00
then tlim re = 0. FOC of Ky: ry > F/(Ky) > F'(A) > 0 for all ¢, so tlim re > F'(A),
—00 —00

contradiction! ]
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5 Capital market versus financial market

In this section, we assume that labor is exogenous. We will study the role of productivity
in capital sector and dividend of asset in financial sector in the productive sector.

Is it true that: if productiviy is low and dividend are high, then consumers don’t invest
in physical capital?

There is no simple answer for this question.

Let start by comparing the return in term of consumtion good of physical asset and
financial asset. The return of physical asset is ;11 +1 — J, and return of financial asset is
%. In a model with complete information, if real retun of physical asset is greater
than real return of physical asset then no one invests in physical asset, i.e.,

Proposition 5.1. Ifm > (F'(0)+1—0) then consumers do not invest in physical
at
capital, i.e., Kip1 = 0.

Proof. Suppose that g1 Gt > (F'(0) + 1 —0). If Kiyy > 0, then there exists i €
at

; 1
{1,---,m} such that k; ;11 > 0. FOC of k; 441 gives us: max{ Mz’tﬂ} = . FOC
i it rie1+1—90

o Wi t+1 1
fK lies that = F'(K F’(0), h ; . On th
of K11 implies that r¢14 (Kt+1) < F'(0), hence mzax{ s } < FO)+1-0 n the

other hand, we have max{ Mi’tﬂ} = a . Therefore Qo1 T ber1 > (F'(0)+1-4§
it Gi+1 + &1 q

~—

Y

contradiction.

> O

Corollary 3. Assume that there exists & > 0 such that & > £ for everyt > 0 and F'(0) <
Then? there is an infinite sequence (tn)22y such that Ky, =0 for every n > 0.

Proof. We claim that there exists an infinite increasing sequence (t,);> such that ¢, +
&, > qi,—1 for every n > 0.

Indeed, if not there exists tg such that g¢41 + §+1 < ¢ for every ¢t > t3. Combining with
& > & for every t > 0, we can easily pr that g4 + t& < g, for every t > 0. Let ¢t — oo,

we have ¢, = 0o, contradiction!

Gt St > 1> F'(0) + 1 — 4. Proposition 5.1 implies that
4t,—1

Ky, =0 for every n > 0. ]

Therefore, for every n > 0,

Economic recession: by economic recession we mean is a situation in which the
aggregate capital is less than some level K.
We now state an other version® of Corollary 3: assume that there exists £ > 0 such that
& > ¢ for every t > 0 and F/(K) < . Then there is an infinite sequence (¢,,)%2, such that
K;, < K for every n > 0.
This result says that if productivity is small, even if dividend of financial market is not
high then there will be an economic recession in the future. In this case, economic reces-
sion is not from the financial market, but from the fact that the productive sector is not
competitive. This result suggests that we should invest more in technology to improve the

4By using the same argument, we can prove this result if Assumption ”¢&; > & > 0 for every ¢ > 07 is
e
replaced by Assumption ” > & = oo”.
i=0

Sthe proof of this version is exactly the same proof of Corollary 3
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competitiveness of productive sector in order to avoid economic recession.

The following result shows that even if F’(0) is very low, and (&);>¢ are large, the
economy can invest in physical market.

F(K) + (1 - 0) K + &

m

Proposition 5.2. If B;(F'(0) + 1 — §)u}(&41) > ui(
t=1,...,m then Kyy1 > 0 at equilibrium.

) for every

Proof. See Appendix C. O

Proposition 5.2 shows that financial market plays an important role on capital market.
Indeed, consider an equilibrium that K; = 0, assume also that & is enough large then
Proposition 5.2) implies that K;;1 > 0 at equilibrium. This is due to the fact that part of
the financial dividend is used to buy physical capital. Brief, financial market can create a
financial bubble but it can also provide capital to the capital market.

Proposition 5.2 also prove that if the productivity F/(0) is high enough then Ky > 0
at equilibrium. But, in some cases we don’t need a very high level of F’(0) to ensure
Kt+1 > 0.

Proposition 5.3. Assume that there exists t > 0,T > 1 such that & > &4p. If (F'(0) +
1 —0)min; B; > 1 then at any equilibrium, there exists 1 < s < T such that K5 > 0.

Proof. See Appendix C. O

Corollary 4. Assume that there exists an infinite decreasing sequence (&, )oeq, @-€., &, >
&ty for everyn > 0. If (F'(0) + 1 —6) min; 3; > 1 then at any equilibrium there exists an
infinite sequence (Tp)n>0 such that K;, > 0 for every n > 0.

Corollary 5. Assume that & = & > 0 for every t > 0. If (F'(0) + 1 — 6) min; 5; > 1 then
at any equilibrium Ky > 0 for every t > 1.

This result shows that even if productivity is not so high, consumer still invests to

capital asset. Note that (F'(0)+1—§) min; 5; > 1 is equivalent to F'(0) > —1494,

1 Mi

where

— 14 ¢ is the highest real return. Our result says that in the case financial

mini 5
dividend don’t vary, if the productivity of productive sector at the origin is higher than

real return then the economy always invests to the productive sector.

5.1 Some examples

Example 1. (Financial dividends are very high, F’(0) € (1,00), and K; > 0 for
every t > 0.)

Let & = & > 0 arbitrary. There are 2 agents: i and j with 3; = ; = [ € (0,1),
Cl—al Cl—aj

ui(c) = 1_o. uj(c) = 1 — o
i J

Let F such that 3(1 — 6 + F'(1)) = 1 (this condition includes F'(1) > ).
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Denote a:=1—§ + F'(1). An equilibrium is given by the following: for every t > 0,

ro= F(), g=-°

= 32
- (32)
ait = a; > 0, ajt = a5 > 0, (33)
kiv = ki>0, kj;=Fk >0, (34)
Cit = C = kl(—(g + F/(]_)) + aif + Qiﬂ' (35)
G = ¢ =kij(=8+F'(1)) +a;€ + 0, (36)
where a; +a; = 1,k; +kj =1, 7= F(1) — F'(1).
Multipliers are given by
1
Hip =g Mg = piof', Vt>1 (37)
1
Pi0 = r M= piofB', Vt>1. (38)

J

The following example suggests that (F’(0) +1 — §)3; > 1 is necessary to ensure that
K; > 0.

Example 2. ( G(F'(0) + 1 —0) < 1, financial dividends are large, and K; = 0, for
every t > 0.)
Consider an economy: there are two agents i and j.

m170'

Pi=pi=pc(0.1), wlz)=u(e)=1—
Ko > 0 will be chosen , B(F'(0)+1-14) <1,

kio
— = 0,1
e a € (0,1),

o; & =& VYt>1 will be chosen.

9

a1 =0 =

where qo, &0, &, Ko such that

1> B(F'(0)+1- 5)(F(K°) + (15 0) Ko + £o>07

(F(K0)+(1—5)K0+§0)”:@1—5
§ & B

An quilibrium is given as the following

Allocations: aiy =a, aj;=1—a Vt>1,
kig=kjo=0 Vt>1,
cio=a(F(Ko)+1—-90)Ko+¢&), cipg=a€, Vt>1,
cijo=1—-a)(F(Ko)+(1-0)Ko+&), cji=1—-a), Vt>1,

Prices: ro = F'(Ky), m=F(0) Vt>1,

g0, Gt = fl_ﬁﬁ vt > 1.

Multipliers: i = ui(cio),  pio = Bul(c)V t>1,
o = ui(cjo), i = Ful(c)V t>1.
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Proof. See Appendix D. O

The following example suggests that even if F’(0) is very small, then there is an
equilibrium in which K; > 0. That is because aggregate endowment at initial date
F(Ky) + (1 = 96)Kp + & are very big.

Example 3. Consider an economy: there are two agents i and j.

xl—a

ﬁl:ﬁlzﬁe(o’l)a ul(‘r):u](x): 1—¢o
Ko > 0, K1 will be chosen , B(F'(0)+1—6) <1,

)

Ei0
"0 — e (0,1
K() a‘e( Y )7

£o,61; & =& Vt>1 will be chosen.

a;,1=10"=

Allocations at initial date and date 1

Cio = a(F(Ko) + (1 — 5)K0 + & — K1),Cj70 = (1 — a)(F(K()) + (1 — (5)K0 + & — Kl)
kin=aKi, kji=(1-a)Ki,

ai’o = a, aj,() =1—a

cip = a(F(K1)+(1=0)K1+¢&),¢j1= (1 —a)(F(K1) + (1 - 8Ky + &),

Ky =0,

a; 1 = a, aj,lzl—a.

)

Allocations at date t, t > 2

cip=af, aj;=(1—a)
K, =0, V>0,

air=ac (0,1), aj;=1-a.

Prices
bt = 1 vt > 07
ro = F/(K()), T = F/(Kl), ry = F/(O) Vit Z 0,
_ F(Ko) +(1—06)Ko+ & — K1\7
qo_(ql—{_gl)ﬁ( F(K1)+(1—6)K1+£1 ) I
_ B (FE)+ (A -0)Ki+ &\
q1 = 1 _ﬁg( g ) )
g
=7 > 9.
U= 1 ﬁﬁ,Vt >2
We require the following conditions
1 L (F(Ko) + (1= 6)Ko + & — K17
Fi(Ko) +1-0 5( FKD)+ (1 -0k +& )" to choose Ko,

to choose K1,

1> B(F(0)+1- 6)<F(K1) + (15— 0) K +£1>0’

(F(K1)+(1—5)K1+§1>0: al-p
§ £ B

, to choose q.
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5.2 Steady state
Definition 6. A steady state is a sequence ((ci’t, ki,t)ai,t)?;]_’Kt):io such that:

(i) ciy = ¢ >0, kiy = ki for everyi =1,...,m andt > 0 and a;; = a; for every
i=1,....mandt>—1.

(i1) there exists a sequence of prices (pe,7t,qt);y such that p, = 1 for every t > 0 and

((Ci,h Eit,ait)ity, D, e, G, Kt)zo is an equilibrium of the economy & = ((uz, Biy kio, ai—1)i%, F) .

In Example 1, we have given a steady state in the case §; = S foralli =1,..., M. The
following result prove that there is a unique steady state in the case §; are not identical.

Proposition 5.4. Assume that & = € > 0 for every t; 01 > B; for everyt = 2,....m
and 0* > 0 for every i =1,...,m . Then there exists a unique steady state defined by the
following

(i) a1 =1, ky = K where K is determined by /(F'(K)+1—0) =1.
(ii) k; = a; =0 for everyi=2...,m.

(iii) ¢y = (r — ) K + €+ 0'7, where 7 = F(K) —rK and r = F'(K); ¢; = 0w for every
1=2...,m.

(iv) ry =7 for every t > 0.

B o B
d = — .E. =
1_51;61" Q+1+§ 51%267% §l_ﬁ1
Proof. Suppose that & = & > 0 for every t; f; > 3; for every t = 2,...,m and 6 > 0 for
every t =1,...,m.
Let ((cl-7t, Kit, i)™y, Kt):io be a steady state.
If a; > 0 for some ¢ € {2,...,m}. FOC of a;; implies that

for every t > 0.

(v) o =¢

it 1 Mg+l o M1+l
Bi = = =max 2= > — = 3y,

it e +1—=0 i g pag

contradiction 31 > ;. Therefore a; = 0 for every i =2...,m, and so a; = 1.

By the same argument, we get ky = K and k; = 0 for every ¢ = 2,..., m. Moreover, FOC
of a1 implies that §;(F'(K) 4+ 1 —¢) = 1 which determines K, and FOC of K; implies
that r, = F'(K;) = F'(K). Consequently, we obtain (i) and (iv).

1
By using FOC of a4, we get qi+1 + & = ﬂ—qt, hen Q; = (. Proposition ?? implies that
1

_Oo J— 1
QO—;Qtft—fl_ﬁl- O

6 Efficiency

We follow Becker, Bosi, Le Van and Seegmuller ([BBLVS11]).

Proposition 6.1. (Efficiency without tlim Q: = 0) An equilibrium which has the
—00
property tlim Q:(1 —0)t > 0 is efficient.
—0Q0
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Proof. Use the same argument in Appendix 4 in Becker, Bosi, Le Van and Seegmuller
([BBLVS11]), and note that K; = 0 for every t > t. O

Proposition 6.2. An equilibrium in which there exists to such that 1 &1 > (F'(0)+

1—

qt
0) for every t > tq is efficient.

Proposition 6.3. If litrn inf & > 0 then the economy is efficient.
—0Q

Proof. Assume that litm inf & > 0. Combining with (22), we get tlim @: = 0, hence the
oo —00

economy is efficient. O

7

Conclusion

We build an infinite-horizon dynamic deterministic general equilibrium model in which
heterogenous agents invest in capital or financial asset, work and consume. We proved the
existence of equilibrium in this model, even if aggregate capital is not uniformly bounded.

Bubbles are studied in this framework. Consider an asset, there is a bubble on this

asset if its price is greater than its fundamental value. In our model, both bubble on capi-
tal asset and bubble on financial asset may occur, but they can not occur at the same time.

Using this framework with exogeneous labor supply, we studied the relationship between

financial market and capital market. Financial asset can create a bubble but it can aslo
provide capital to the productive sector. The race between physical productivity and
financial dividend is described as follows

A

e When F’(0) < ¢, and dividend of financial asset is not so small then capital market

will disappear at infinitly many date.

1
e When F'(0) < 5o 1+ 6 we have an example in which dividend of financial asset is

high and no investment in capital.

e When F/(0) = oo then the economy will invest at any period whatever are the

dividends.

e Given F’(0) finite, if & is very large w.r.t. &41 then Kiyq > 0.

The existence of equilibrium in &

Denote P := {ZO = (p,T,W,Q) =1 <p,q <1,0 <rpw <1 \V/tZO,,T},

Bi(p,r,w,q) := {(ci,ki,)\i,ai) € C; x K; x A; x A; such that
pe(cit + kigr1 — (1= 0)kis) + qraie < rikiy + (g + pe&e)ai—1 +we(1 — Nig) +v(pe, 7t, Wi, Gt)
pr(cir — (1 = 0)kir) < (rrkir + prérair—1 +wr(1 — Xir) +v(pr, 77, wT)}7
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and
Ci(p,r,w,q) = {(ci,ki,)\i,ai) € C; x K;i x Aj x A; such that
pe(cit + kigr1r — (1= 0)kig) + quaiy < rekiy + (g0 + pe&e)ai—1 + we(1 — Nie) +v(pe, 7o, Wi, Gr)
pr(cir — (1 = 0)kir) < rrkir + prérair—1 +wr(1 — XNir) +v(0r, 77, wT)},

where
Y(Po, 70, w0, q0) = 1 — L2011 203 1{go£0} L {woz£0} Min{ 1, [po| + 7o + wo + |qol}
v(pbrtth’%f) = 1_min{17‘pt’+rt+wt+’qt‘}7 tZlv"'aT_la
v(pr,rr,wr) = 1—min{l,|pr|+rr + wr}.

Denote B;(zg) is the closure of B;(zp). We have the following result

Lemma A.1. Given (py, 1, we,q) such that —1 < pyqr < 1,0 < ryywy < 1. If B, >
ajt—1 >0, By > kit > 0, then there exists c;y € [0, Be], Ait € [0,1] and k; 41 € (0, Bg), ai €
(0, B,) such that

0 < Y7, we, ) + rikiy +we(1 = Nig) + qelai—1 — aiyr) (39)
+pe(&raii—1 — cip — kigyr + (1 —0)kiz). (40)

Proof. Choose 0 < a;+ < a;t—1, Aiy < 1. Choose B. > € > 0 such that k; ;11 = {az—1 +
(1 —9)ki+ — € >0, choose ¢;; € [0, B.] such that sign(p:)(e — ¢; ) > 0. O

Corollary 6. For every (p,r,w,q) € P, we have Bi(p,m,w,q) # 0 and B;(p,r,w,q) =
Cz(P7 T7w7Q)'

Proof. At date 0.

Case 1: If 14, 20114203 1{go£0} L{wo0} = O then ¥(po, 70,90, wo) = 1. We choose
a0 = aj,—1 + €, )\i,O = €, k@l = foai’_l + (1 — (5)]%,0 + 6/2 > 0, and Cio = 6/2. Then for
€ > 0 is sufficient small, we have

polcio+kin—(1—0)kio)+qoaio < rokio~+ (g0 +poko)ai—1 +wo(l— Nio)+v(po, 70, wo, qo)-

Case 2: If 1{p0750}1{r0;£0}1{q07é0}1{w0;£0} =1, then wg > 0. We choose a0 = Q-1 1 €,
Xio =¢€ ki1 =E&ai—1+ (1 —0)kio+¢€/2>0, and ¢;0 = €¢/2. Then for € > 0 is sufficient
small, we have

po(€oai,—1+ (1 —)kio — cio — kin) + qolai—1 — aip) +wo(l — Xio)
= —po€ — qoe + wp(1 —€) > 0.

Therefore, we can choose ¢; o € (0, B.), ki1 € (0, Bg), a; 0 € (0, By) such that
po(cio+kin—(1—0)kio)+qoaio < rokio~+ (go+poko)ai—1 +wo(l—XNio)+v(po, 70, wo, qo)-

Using Lemma A.1 and induction argument, we obtain B;(p, 7, w,q) # 0. Then B;(p,r,w, q) =
C’i(p7raw7Q)' D

Lemma A.2. B;(p,r,w,q) is lower semi-continuous correspondence onP. And C;(p,r, w,q)
18 upper semi-continuous on P with compact convex values.
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Proof. Clearly. O

We define &g : =P, &, :=C; x K; x A; x A; foreachi=1,...,m, P11 := K x L and
m—+1

= [] ®;. An element z € ® is in the form z = (zZ)mJ{)1 where 29 := (p,r,w,q), 2 =
=0
(ci, ki, Niya;) for each i = 1,...,m, 2,41 = (K, L). We now define correspondences:

0o :® — 2%
wo(z) = {(p',r',w’,q') epP:

m

T
0< Z(PQ — pt) [Z(Ci,t + kigr1 — (L= 0)kiy) — F(Ky, Ly) — ft}

=1

m T
(rp =) (K =Y ki) + > (wf —we)(Ly — m+2)\,t
=1 t=0

=1
(¢}~ a)(Y ais = 1)}
=1

M= I~ -
o

if
o

Foreachi=1,...,m,
0i:® — 2%

(2) = Bi(p,r,w,q) if (i, ki, Aiy a;) € Ci(p, w0, q),
v . (par w q) N Z(CZ7 ) X ,C’L X A’L if (Ci7kia)\i7ai) S Cl(pv r7w7Q)7

T T

where P;(ci, Ai) = {(c}, A}) + 2 Biui(cip Aiy) > 3 Biui(cig, Aie)}-
t=0 t=0

Finally, we define

Pmi1: ® — 2%mi

emir(z) = {(K L)eKxL:
T T
Z peF(KG, Ly) — r K — wiLy) > Z(ptF(KmLt) —redy — tht)}-
=0 =0

Lemma A.3. ¢; is lower semi-continuous convex-valued correspondence for each i =
0,1,...,m+1.

Proof. Clear. O

Lemma A.4. There exists Z € ® such that either ¢;(zZ) = 0 or z; € pi(zZ) for i =
0,1,...,m+1.

Proof. See Gale and Mas-Colell (1975, 19979). O
Take z as in Lemma A.4. By definition of ¢;, we see that z; € ¢;(z) for all i =
0,...,m+1,s0 p;(2) =0 foralli=0,...,m+ 1.

Since ¢g(z) = 0 for each i = 1,...,m, we get that: for each i = 1,...,m, for every
(Civkiv)\i7ai) € Cl(ﬁﬂ fawaq)

Zﬁuz Czt; zt

Uj C’L t7 (41)

|Mﬂ
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Since po(Z) = 0, we get that: for every (p,r,w,q) € P

m

(pe — Pt [Z(Ez‘,t + kigyr — (1= 0)kis) — F(Ky, Lt) — 515}

i=1

m T
(Tt_Ft)(Kt_ZEM +Z wy — wy)(Le — m-l—Z)\zt
=1 t=0 =1

T m
Sa—a)d a—1) <o (42)
t=0

=1

B

i
o

N

t

Il
o

Since pm+1(2) = 0, we get that: for every (K,L) € K x L

T T
Z peF(Ky, Ly) — 7 Ky — W Ly) Z peF(Ky, Ly) — 7Ky — wiLy). (43)
t=0 =0

Therefore, for every (Ky, L) € K x L:
DeF (K, Ly) — 7Ky — WLy < peF(Ky, Ly) — T Ky — we Ly (44)
Particular, we have p; F(Ky, L) — 7 K; — w; Ly > 0.

Lemma A.5. For eacht =0,...,T, if py > 0 then Kt — > kiz >0 and Ly — Y [;; > 0.
i=1

=1

— m —
Proof. Assume that p, > 0. If K; — > k;; < 0. Since (42), we get 7, = 0. Combining
i=1
— m -
with (44), we have K; = Bg. On the other hand, ) k;; < mBj, < Bg. Contradiction! So
m =1
— > kit >0.
i=1
— m — —
If Ly — > i+ <0, then (42) implies w; = 0. Combining with (44), we have L; = Br. On
i=1

_ m.o_ _ m
the other hand, Ly — ) l;; < 0 implies that L; < ) l;+ < m. Contradiction to By, > m.

i=1 i=1
SO Et - Z Zi,t Z 0 ]
i=1
We denote
Zy = (Cig+kigpr — (1= Okiy) — F(Ky, Ly) — &
i=1

m
Y, = Zai,t —1.
i=1
Lemma A.6. For eacht=0,...,T

(i) If Z; # 0 and pyZy < pyZy for every py with |pe] < 1 then |py| = 1 and p;Z; > 0.

(ii) If Zy # 0 then Zy > 0 and p; = 1. Consequently, Zip; > 0.
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m
(iii) S Gy < Be.
i=1
(iv) If Yi # 0 then |q:| = 1 and q;Y; > 0. Consequently, Y;q; > 0.

Proof. (i) is clear. We will give a proof for (ii). Since (42), we have p;Z; < p;Z; for every
p¢ with |ps| < 1 then by using (i) we get |p;| = 1 and p;Z; > 0.

Assume that Z; < 0 then pr = —1. Combining with (41), we obtain ¢;; = B, for all
m

i=1,...,m, hence ) ¢ > B..
i=1

On the other hand, by definition of Z; we have

m
B. < Z Gt < F(Ki L) +&+(1-9) ZEi,t
; =1

IN

F(Br,m) + max& + (1 — d)mBy,
< F(Bg,m)+ r§1<a72<§t + (1 —9)Bg < B..

Contradiction!

_ m
(ii): Tf Z; = 0 then 3 ey < F(By,m) +max& + (1 - 6)Bx < Be.
i=1 =

If Z; # 0, (ii) implies that p; = 1 > 0. Lemma A.5 implies that Ei,t < K; and

s

=1

m -_— —
l;y < Li. By taking the sum of budget constraint in definition of C;, we have
i=1

(2

m m
Didy + @Yy < Ty Z kit + 1wy Z lit — peF (K, Lt) +m
i=1 i=1
< #Ki+wLe — prF(Ky, L) < m,

i.e., Z; < m. Consequently, we have

Gy < mAFE,L)+(1-06)> kig+E
=1 i=1

< m+ F(Bg,m) —}-rtn<ajz<§t + (1 —-0)Bk < B..

(iv) is proved as (ii). O

Lemma A.7. p; >0 forallt=0,...,T.

m

Proof. If py <0 then ¢;; = B, for alli =1,...,m, hence ) ¢+ > B, contradiction to (iii)
i=1

in Lemma A.6. O

Lemma A.8. For eacht=0,...,T, 7 >0 and wy >0

Proof. Let (K, L) € IR%F For ~ € (0,1)77 we define Ky(y) = yK; + (1 — 7)K; and

Li(v) :=~vL; + (1 — ) Ly. Since K; < Bk, L; < Bp, we can choose v sufficiently close to
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zero such that (Ky(v), L¢(7)) € K x L. Hence, by combining (44) and the concavity of F,
we have

PeF (K, L) — 7Ky — we Ly > peF(Ke(y), Li(v)) — 7 K () — weLe(y)
> Y[PeF (Ky, L) — 7Ky — e Ly
+(1 =) [peF (K¢, L) — T Ky — 0y Ly
> peF (K, L) — 7 Ky — Wi Ly
It means that for all (K;, L;) € R
P F(Ky, L) — 7Ky — w Ly > peF(Ky, Lt) — 7Ky — Wi Ly (45)

If 7, = 0 (or w; = 0), then we can choose L; > 0, Ky — 400 (or Ky > 0,L; — 400) then
the right hand side of (45) goes to infinity, a contradiction. Therefore, we obtain 7 > 0
and wy > 0. O

Lemma A.9. For eacht=0,...,T,Y; =0.

Proof. If Yo # 0 then |G| = 1 and goYp > 0. Noting that we have shown p;, 7y, w; > 0 for
all ¢ > 0, in particular pg, 7, wy > 0. Hence v(po, 7o, Wo, Go) = 0. By taking the sum of
budget constraint in definition of C;, we have

m m
PoZo+ @Yo < 7o kio+wo Y Lio— poF (Ko, Lo)
i=1 i=1
< 7oKo + woLo — poF (Ko, Lo) < 0.

This is a contradiction with pgZy > 0, GoYp > 0. Therefore, we get Yy = 0.
m

By induction argument, we conclude that ) a;; =1 for each t =0,...,T. O
i=1

Lemma A.10. For eacht=0,...,T — 1, we have g > 0.

Proof. We will prove by using induction argument. First, by using (iii) in Lemma A.6 we
have ¢;; < F(Bg,m) + rtn<aj>1<§t +(1—-0)Bg < B.foreacht =0,...,T.

We now assume that ch:l < 0, then a;7—1 = By. Indeed, if a;7—1 < B, then we can
choose € > 0 such that a; 7—1 := @;7—1+¢€ € (@i -1, Ba) and ¢; 7 := &7 +E&re € (G 1, Be).
So, this new plan violates (41). Therefore, a; 7—1 = B, > 1, contradiction with Lemma A.9!
Therefore, we get gr—1 > 0. By the same argument, we obtain that for eacht =0,...,T—1,
q: > 0. ]

Lemma A.11. For eacht =0,...,T, Z; = 0.

Proof. We will prove this lemma by induction argument. Firstly, we consider the initial
period t = 0.

If Zg # 0 then Zy > 0 and pg = 1. We have proved that 7o, @, Go > 0, so ¥(Po, 7o, Wo, Go) =
0. By taking sum of budget constraint in definition of C;, we get

m m
PoZo+ @Yo < To Y kio+wo Y Lio— PoF (Ko, Lo) (46)
i=1 i=1
< 77(]}?0 + 'lDOEi,O — ﬁoF(Ro, Eo) <0 because pg > 0.
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Contradiction! because the left hand is strictly positive (Zg > 0,p9 = 1, and ¢Y; > 0 for
every t =0,...,T). Hence, we have Zy = 0.
O

_ m _ mo_
Lemma A.12. K; = ) kit and Ly = ) l;3 for each t =0,...,T.
i=1 i=1

_ m _ mo_

Proof. We have shown that p; > 0, so Ky > > kiy. If K4 > > kiy. From (42), we have
= ~
ts A

1 1=
7. = 1. Hence ~(p¢, 7, wy, ;) = 0. Since (&, k a;) € Ci(p,7,w,q), we get

0=pZi + @Yy < thk t"‘wtzlzt_ptF(KtaLt)
=1
< T‘th + thi,t — ptF(Kt, Lt) <0 because 7+ =1 > 0.

_ mo_ _ mo_
Contradiction! Therefore Ky = ) k;;. The same argument proves that L; = > [;; . O

i=1
Lemma A.13. (K, L;) satisfies the zero-profit condition:
peF (K, Ly) — 7 Ky — Ly = 0 (47)
Proof. First, we note that K; = Z klt < A(€) < By and Ly = Z lzt < m < B;. We knew

that p.F (K3, Iit) —_FtK't we Ly > 0 If 7 Ky + thzt — peF(Ky, Lt) > 0 then we can choose
(K, Ly) = (uKy, pLy) where p > 1 such that (K¢, L) € K x £. We can see that (K, Ly)
violates (44). Contradiction! O

Lemma A.14. For eacht =0,...,T, v(py, T, Wy, Gt) = 0
Proof. p; > 0 implies that
Pt(Cit + Kkitr1 — (1= 0)kiy) + Gaie = Tekiy + (G + Pr&e)@ir—1 + Wi (1 — Nit) + Y(Dey Tt Wt Gt )-

By summing, we get

m m
i+ @Yy = T Z l%i,t + wy Z l_i,t — F(Ky, Lt) + my(pr, 7+, W, Gt)
; i=1
= my(De, T, W, Gt)-
Since Z; = Y; = 0, we obtain ~(py, 7, Wy, ¢;) = 0. O

Corollary 7. (p,7,w,q, (¢, ki, \iy @)™y, (K, L) is an equilibrium of the bounded economy
&L
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B The existence of equilibrium in £

We give a proof of Theorem 3.2.

We denote (pT, 7T, w?,q", (el kI, I al)m , KT, LT) is an equilibrium of T— truncated
economy.

We can normalize by setting pf + 7} + w} + g =0 for every t <T.

By using Lemma 2.2, we see that

e, < Y el < DKoo &)

m
kg < Y kL =K < Di(Ko, &, ... &).

Therefore, the sequence of equilibria (p, 77, w”, ¢7, (e, kI, A\F al)™, tKT, LT)3%2_, be-

7, (Rt AR A Z
long to a compact set for the product topology, so we can assume that
T T _T -T (T 7T YT =T\m T 7T
(pvra yd (z?kz?Az’ i)z 17(K L)

T—»oo

== (p, 7, w, q, (G, ki, Ni,a;)™q, (K, L)  (for the product topology ).

It is clear that the property (ii) in Definition 1 is hold. We will prove (i), (iii), (iv) in
Definition 1.

We now write the Kuhn-Tucker necessary conditions to all variables (we can easily check
that the Slater condition is satisfied). We write L y instead of zy = 0. The muliplier of
variable x is denoted by A(z). ﬂ;{t denotes the multiplier associated with budget constraints
of agent 7 at period t. We have

iy > 0
ﬂﬂ [ftTEiT,t + (@ +p{ &)al, ;41 +w/ (1- X?})
ﬁ?(d{t + 7th+1 - (1= 5)%3:1&) CZ;[ L= o. (48)
FOCs to the optimal consumption problem:
EZM tu( ) i tpt =0 (49)
S\Zt : i”i(AZt) it twt A1 - )‘;Ft) (50)
0< A1 - L1-X],
Ez?:t—s-l : A(Ez’Tt+1) - ﬂz‘TtﬁtT + ﬂZt+1(FtT+1 + (1 - 5)25tT+1) =0, (51)
0 < Ak, t+1) Lk,
dft : /\(7' ) = fiq, tQt + Mi,t+1(@£rl +15;F+1§t+1) =0 (52)
0 < \a; t) 1 aZ t
FOCs to the optimal production problem:
KT AR+ pF oe (KT LF) — 7 =0 (53)
0<MNK]) LK}
LFe AED) +9F L (RELE) —af =0 (54)

0<ANLT) L LT
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We introduce some new variables:

CTth = f“g(éth)Cz t1t<T (55)
ﬁft = B\ ))‘i,tltST (56)
@T,t = ivz‘(/\ij:t)ltST (57)
93} = ﬂ;{tw%ﬁltST (58)
&, = (07, —7). (59)

Note that Eg:t =A1- E‘Zt)ltST-
Lemma B.1. (i) For any € > 0, there exists 7 (independently of T') such that, for any
+oo _
s>T1, ) CiT’t < €.
t=s
“+oo
(ii) For any e > 0, there exists T (independently of T') such that, for any s > 1, > ﬁgt <

t=s
€.

Proof. We obtain the results by using the following

iﬁfw(ﬂ:) > Z@Uz Cit) Zﬁ (uZ Cit) uz'(O))

> Zﬁf; Ci ”—ch (60)
and
:fﬁfvz‘(l) > Zﬂ%z (Nip) = tZﬁt(vz () — ()
> fx W= S (1)

O]

Lemma B.2. (i) For any € > 0, there exists 7 (independently of T') such that, for any

—+00 _ “+o00
s>T, >, DiT,t)‘Zt <€ Y Eg:t < €.
t=s t=s

1
(i1) Z vl AL + Z €ie < 7 _( ; So (AL and (€],){55 are belong to I

Proof. Note that
t 13T \YT _TT | -TxT
iU (NN = Vit €Ny
= ’7?71:5\% + E;{t since th if 5\% < 1.

Combining with (61), we get (i). (ii) is proved by taking 7 = 0 in (61). O
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T

Lemma B.3. For any € > 0, there exists T such that Dz»Tt <eforalls>71,T>s. In
t=s

addition, for any T

T w8
vl < oo+ Blui(Dy). (62)

Proof. Since (48), we have
T — —
0 = Zﬂf,twkfﬁ (@ +p;&)a;, Q1+ Wy F(1- )‘?,t)
_ﬁtT(EZt + EZtH - (1= 5)];33;) - QtszTt]
T
= Zﬂ?}[ + i &)a;, ajyq — g/ a T} +Z:uztwt )

t=r1
T

+ Z ﬂg:t [(ftT +(1- 5)]5?)]“?,15 - ﬁtTk'iT,tH] Z /%Ttp? i,
t=r1

= /’LZT(qT +p7'£7') Ajr—1— MquTazT_‘_Zl/zt Zyzt/\zt

T T _TNTT T T3T T NT
+i (77 + (1= 8)pr ki — iy rbrkiri — § 55“4(01,1&)01,#
t=1

Note that l_ciT’tH =0 and C_I,ZT = 0, we obtain

Zyzt<z t)‘zt+z z (63)

By combining with Lemma B.1 and Lemma B.2, we get the results. O
Lemma B.4. Denote v} = (Egt);og There exists a subsequence (71*) 125 which converges

for the 1'- topology to an element 7; € l+. And U; has the same properties of U I/i , i.e.,

+o0o
(1) for any € > 0, there exists T such that ) U;; <€ for all s > 7.

t=s
Ly oo vi(1
(i) 5% o s 205 5 gt (),
=0 1—p5i
Proof. Using Lemma 4 in Becker, Bosi, Le Van et Seegmuller ([BBLVS11]). O

Lemma B.5. For eachi=1,...,m, andt >0, 5\1-775 > 0.
Proof. We have 07, = =&l T VZ , with € t( S\Tt). By using Lemma B.2 and (62), we have:

for any € > 0, there exists 7 such that Z 9 , < eforany s > 7.

t=s
In addition,
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Denote 6] := (égt)tzo. By using Lemma 4 in Becker, Bosi, Le Van, et Seegmuller

([BBLVS11]), we have lim 67 = 0; € I} for the I'-topology. Hence lim éTt =0;; <
—+o0 oo

+00, ie., TlirJrrl ! 1(>\;‘Ft) < +o00. By Inada condition, we conclude that Ait > 0. O

Lemma B.6. If p; > 0 then 7 > 0, wy > 0.

P’/’OOf. Clearly since 0 = ﬁtF(I_(taf/t) — ftl_(t — ’lI}tI/t > ﬁtF(Kt,Lt) - fth - ’lI)tLt for all
Ky, Ly > 0. O

Lemma B.7. For eacht > 0, p > 0 and hence 7y > 0, w; > 0, g > 0.
Proof. Assume that lim p] = 0. Since FOC of ¢’

: _T
we have lim pn:, = 4+oo (else
T oo wt T oo Hi (

hm ,uZ tpt = 0, hence Blu}(¢;;) = 0, contradiction!). From FOC of S\Zt, we have w] =

iv i(AZ,}) €

. So, lim w! =0, and then lim (7 + 1.
Hig iy T—+oo f T—+oo (' +ai) =
By using FOCs of aw_l and k:gt, we get

T T T T o
Hig1Gi—1 + HigaPi1 = H t(Qt + D1 &) + i1 t(rt (1-98)p; )
> Mi,t(qt + 7 ) — +00 when T — +o0.

Again by using FOCs of Ezg:t_2 and I_cg:t_Q, we also get

ﬁz:t—2(67£2 +9l ) > ﬂz:t—l(@sT—l + P 1&-1) + ﬂZt—l(ftT—l +(1-8)pi 1)
> (1= 01 (@1 + Pr—1) — +0o0 when T — +o0.

By induction argument, we have Tlim i@k +pd) = +oo.
— 400 ’

If lim pl > 0 then lim @, = +oo. Since lim gl,wl = lim 7L, < 400, we
s 0] o Hio o H5 0Wo P +OO 1,0

get lim wo = 0. On the other hand, using Lemma B.6, lim po > 0 implies that
T—>+oo T—+00

lim wo > 0. Contradiction!
T—+4o00

Therefore, we have lim pl = 0. So, FOC of ¢/, o gives us _lim ﬂzTo = 400 for every i.
—>+oo T—4o00 7

FOC of A o gives ,uwwo ()\ o). Recall that, Lemma B.5 implies that Tlim Mo>0
—+4o0 7

hence lim wl =0. So 7o+ go = 1.
T—+o00

The budget constraint at period 0 gives

m
Thm [_g(ézo —I—E‘% —(1- 5)]%;{0) +@g@fo}
—>—i—00Z 7
m
= 1 { k 1= A, }
Tirilm; 7o 104‘(‘10 +p0§0) 1—|—w0( )

Consequently, 7 Z kL ;0 =0, s0 79 =0 and hence o = 1.
=
Otherwise, using the equality in the proof of Lemma B.3, we have, for every 7 > 0

/"LZT(qT +p7'§7') ZT 1+:U'2'r(r +(1_5)ﬁ7')k11;7

_TNT t 1T\~
Z VigNig T Z Biui (Ciy)Ciy

t=1 t=1

IN
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Combining with (60) and part (ii) of Lemma B.2, we get Tlil}rl ro(@d +pdéo)ai—1 < +oo.
—+o0 7

m
Since ) a;—1 = 1, there is ig such that a;,,—1 > 0. Tlim /127;0 < 400, contradiction!

i=1 —too
Therefore, we have p; > 0 and since Lemma B.6, 7, > 0, w; > 0.

We finish our proof by showing that g > 0. Firstly, note that for each ¢,

(el
lim !, = lim = € (0,400).
T—+ ’ T—+o0 Di
Assume there exists ¢ such that Thrf @ =0.
—T00
FOC of é;f':t: ﬂ;{tth > ﬂ;f':tﬂ(qgtﬂ +15;{t+1ft+1)~ Let ¢ — +o00, the right-hand side is strictly
positive and the left-hand is zero. Contradiction! O

It means that Condition (i) in Definition 1 is hold
Lemma B.8. For everyt >0, ¢;; > 0.

Proof. Assume that Tlim Eg:t = 0. FOCs of 5\% and é;{t give

——+00
) = itd =
Dt
So lim vi(\],) = 4+oc0. Contradiction to \;; > 0. O
T—+o00 ’
Lemma B.9. (Transversality conditions): We have
tligrﬂoo Rigpicie = 0, (64)
lim fig @ (1~ Nig) = 0, (65)
t—+o0
lim fi;pikizr = 0, (66)
t——4o00
Jm figgeaie = 0. (67)

Proof. Let € > 0, we knew that there exist 7 such that: for all s’ > s > 7

s’ s’
doahi<e D ph(1-A) <e (68)
t=s t=s

Let T'— +o00, we have

Sl

s’ s’
. =T t, =T \=T - ==
e > lim E it = E 6iui(ci,t)ci,t = E :Mmptci,ta
T—+o00
t=s t=s t=s
s’ s’
. _T T - 3
e > lim E I/i’t(l — )‘M) = E fi Wi (1 — Nig).
T—+o00 e —s



Intertemporal equilibrium with financial asset and physical capital 33

Hence, we get lim fi;4piCir = 0, and lm f;,w0¢(1 — Ai ) = 0.
t——+o00 t——+o00

On the other hand, budget constraints give
s’ s’
T _TT T [3T (=T T\ _ -TiT —T 3T
Z Hi Dy Ciy = Z Hi ¢ {ki,t(rt + (1= 8)p; ) — Pt Kigr +wp (1= Xit)
t=s t=s

_T T T _T_T
(G + Pt e)ais—1 — G ai,t]
(using FOCs) > i k[ (PD + (1= 8)pl) + il o(al + pléal, .

Consequently, we have lim fi; skis(7s + (1= 0)Ps) + fli,s (G5 + Ps&t)is—1 = 0.
In addition, by taking 7' — 400 in (48), we have

it |Tekis + (G + De&e)aiz—1 + We(1 — Nig) — De(Cig + ki1 — (1 — 8)kig) — Qtdi,t} = 0.
Combining with the results which we have just obtained, we get

Hm  fij ¢pekig41 + figGraiz = 0.
t——+4o00

We now prove that Conditions (iii) and (iv) in Definition 1 are hold

— _ oo
Lemma B.10. For each i, <(é¢7t, ity Nit, di,t)iﬁl) . is a solution of the problem (P;(p, 7, w,q)).
t—

and (Ky, Lt) is a solution of the problem (P(7y,w;)).

Proof. Assume that (K, L;) is not a solution of the problem (P(7;,w;)), then there exists
(Kt, Lt) S R%— such that ﬁtF(Kt, Lt)—’fth—ﬂ)tLt > ﬁtF(Kt, Et)—FtI_(t—tht. Hence, there
exists 7 > 0 such that: for all T' > 7: pf F(K{,L]) — 7l K} —wl' LT > pf' F(KT, L) —
7l K] — w] L] against the fact that (K}, L]) maximizes the profit in the T— truncated
economy. Therefore (K;, L) is a solution of the problem (P(7,w;)).

We now focus in the optimal problem of households. For each i = 1,...,, let (¢;, ki, Ai, a;)
is an alternative sequence which satisfies the budget constraints. Firstly, from budget
constraints and FOCs, we have

fit(Drcit + Wi t)

1= I

i [(ﬁ: 4 (1= 8) + Pokis + (G + Prée)ais—1 — Grais + wt]

if
o

T
= fig(To + (1 — 0)po)kio — firprksT+1 — Z ki A(Ki)
=1
T T
+fio(qo + Poo)ai,—1 — frqraiT — Z ait—1 M\ (@i—1) + Z fi Wy
=1 =0
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By applying this result and note that a; 7 = 0, k; 741 = 0, we have

T T
AT = Z uz czt +Uz it Z uz Cit +’Uz()\i,t))
=0 t=0
T
2 Z Bf ,/L Cz t Cz gt G, t Z ;U z )\i,t)
t=0
T —
> Z it (Pe(Cip — Ciyt) + Z fuit (Wi (Nit — i)
t=0
T T
= Z it (DrCit + Wi Nig) — Z t(Peci + WeNit)

> —pirbrkiTy1 — ﬂz’,TQTai,T

— — (o]
Lemma B.9 implies that lim Ap >0, i.e., ((Eiﬂg, Eits Nit, dz‘,t)?ll) . is a solution of the
t=

T—+o0

problem (P;(p, 7, w, q)). O

C Some proofs

Proof for Lemma 4.3

Because p; > 0 for all t > 0, we normalize by setting p; = 1 for all £ > 0.
Assume that F'(oco,m) < ¢ and lim Qi(1 — 6)" > 0 then consumption and capital are

uniformaly bounded and tlim Q: = —|—oo hence > & < 400, so hm & = 0. By using the
oo t>0

same argument as in Becker, Bosi, Le Van, and Seegmuller ([BBLVSll]), we get thm Ty = 0.
We are going to prove the following claims
° tlim L; =0 and tlim we Ly = 0.

° hm Ky =0and lim ) ¢;; =0, hence hm wy = 0.

taoo -1

e There exists tg such that K;L; = 0, for every t > ty, and hence Ky = L; = 0, because
the zero-profit condition implies that if K; then L; = 0.

Denote L := limsup Ly. If L > 0 then there exists a subsequence (t,)n>1 C (£)t>0

t—o0
K
such that L;, > 0 for every n > 1. We have ry, > Fg(Ky,,L,) = FK(Lt” 1). Note
ln
K,

that hm ry = 0, we get lim n — 50. Recall that K; < A for every t > 0, therefore

n—od t
lim Ltn = 0, contradiction!
n—oo
So, we obtain limsup L; = 0, and hence lim L; = 0.

t—o0 t—00

We now prove that lim K; = 0. Indeed, since lim L; = 0, we have lim \;; = 0. On
t—o0 t—o0 t—o00

the other hand, v)(X\;¢) > wiul(ciy) > wpui(A). Let t — oo, we obtain limsup w; < "(A)'
t—o0 U,
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Combining with hm L; = 0, we have hm wi Ly = 0.
Let e >0 arbltrary There exists t1 and « < 1 such that r; +1 -6 < « and tht + & <

e(1 —
(2) for every t > t1. Moreover, there also exists s > ¢1 such that o® < ﬂ for every

m
t > s. Recall that > ¢y + K1 = (11 + 1 — 0) Ky + we Ly + & for every t > 0. Therefore,
i=1

for each t > s

Ky < aFy 11+ wigi—1Lg40-1 + &1
< Oé(OéKtﬁH + Wiy t—2Lp 41— + £t1+t72) + Wiy pt—1 Lt 41—1 + Ety4t—1
< 'Ky 4+ o wy Ly 4+ &) + - w1 Ly vto1 + Eet
€ e(l—a)l—at
< —K _ < €.
S gttt T =

Consequently tlim K; = 0. Again, by using the fact that consumption market is clear, we
—00

tILIEOZCM—O

Hence, tlim ¢ip = 0. Since v}(Aiy) > wyul(c; 1) > wpuf(ciy) and Inada condition, we imply
—00
that tlim w; = 0.
— 00
We now assume that there is an infinite subsequence (t,,), C (t)¢>0 such that K, L;, > 0 for

K K
every n > 0. FOC of K, give ry, > Fr (K4, Lt,) = FK(Lt" 1). Therefore lim L—t” = 00,

n—oo tn

obtain

n

) > 0.

L
n . Consequently, lim Fp (1, In
n—oo Ky n—00 Ktn

L;
On the other hand, FOC of L,, implies that wy, > Fr(Ky,,L:,) = Fr(1, K—) Combining
tn
Ly,
7Ktn
So, there exists ¢y such that K;L; = 0 for every ¢t > to. If K; =0 (resp. L; = 0) then from
the zero-profit condition, we get that L; = 0 (resp. K; = 0). It means that Ky = L; = 0

for every t > tg.

with lim w; =, we get lim Fp(1 ) = 0, contradiction.
t—o00 n— oo

Proof for Lemma 4.2
We have
fl@) = (@) +BiF (Do — x)u] (F(Do —z)+ (1 =6)(Do — ) + 51)

+6:(F'(Do — ) +1-8) w{ (F(Dy — ) + (1= )(Dy 1) + &) < 0

Note that liI})l+ f(x) > 0 because u;(0) = oco. lim f(x) = ui(Do) — fi (F’(O) +1-

x— Do
6) u;(&1) < 0. Therefore the the equation f(x) = 0 has a solution in (0, D). Since f(-) is

decreasing, the solution is unique.
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Proof for Proposition 5.2
Assume that 3;(F'(0) + 1 — §)u}(&41) > u;(é) for every i =1,...,m.
m
If Kiy1 =0 then

m
Sl = F(E)+(1- 8K +6& (69)
i=1
m
Zci,t—i—l + Ko = &gt (70)
i=1
F(K 1-90)K
Therefore, there exists i € {1,...,m} such that ¢; + > (K) + )R+ &, so ul(ciyr) <

m
F(Ki)+(1—-0)K; + &

ui ).
m
On the other hand, FOC of Ky implies that r1 > F/(Kpyq1) = F'(0). FOC of k; 41

1 .
implies that —————— > max M+t

. Hence
rie1+1—96 j 1t
- > max Hottl > Pit+1 _ /Biu%(ci,t+1) Bius(§41) |
F'(0)+1—-90 7 Mt it w)(ciy) F(K) +(1-0)K;+¢&

u;(

)

m

contradicting our assumption.
Proof for Proposition 5.3
Assume that there exists ¢ > 0,7 > 1 such that & > &p. If (F/(0)+1—6)8; > 1 for

every t =1,...,m.
If Kiys =0 for every s =1,...,T then we have

m
Y e = FE)+(1-6K +&,
i=1
m
Zci,t+s+Kt+s+1 = &iys, Vs=1,...,T.
i=1
Therefore, we have
m m
Y= & =G =Y ciugr (71)
i=1 i=1
Consequently, there exists ¢ € {1,---,m} such that ¢; > ¢ 441, hence uf(c;17) > wj(cit).
On the other hand, for each s = 1,...,T, FOC of K;s implies that r s > F/'(Kpys) =
1 .
F’(0). FOC of k; s implies that ——————— > max Hitts  Hence
Ters+1 =90 7 Mjts—1
T T
1 )T i i+s i bt Bl (ciprr) T
- Z max _ITavTe Z 3y — 3 3 9 Z B .
<F’(0) +1-96 51;[1 i Mjtts—1 821_[1 i t+s—1 uj(cit) ()

So 1> (F'(0)+1—6)p;, contradiction!
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D Examples

Proof for Example 2

Proof. 1t is easy to see that all markets clear and the optimal problem of firm is solved.
Lets check the optimality of household’s optimization problem by verifying the FOCs.

FOCs of consumption are hold since the choises of multipliers.

for

FOCs of ap, ¢ with h € {3, j}. We have Hhti1 g for every t > 1 Since ¢; = §1 3
Hht -

Qi1+ & _ Phtt1 for every £ > 1,
qt Kt

At initial date, we have to prove that

every t > 1, we have

q0 _ Hh,1
a+E& pno

ie.,

9 . 5 _ Hhd
§<1 p) [ho

FOC of ky, with h € {i,j}.

For t > 2, we have to prove that Bhtl

Hit+1 -
—————— > max ———. This is true because =
FO)+1—0 " Liht

B for every t > 1 and B(F'(0)+1—-6) <1.

At date 1, we have to prove that

1> BL(pr0) +1-8) whe (i)
Hh.0

Therefore, we have to only check the following system

1> B (o) +1-8) Whe (i ).

Hh0
q0 Kh1 ..
—(1-p)=—, Vhedij}
¢ (1-5) o {i,7}
We have

Hig o _ u;i(ag L (F(Ko) + (1 —0)Ko+ &\
pio ﬂﬂé(a(F(Ko)Jr _B( 3 ) ’

it 3 u;
14,0 wi(a(F(Ko) +

_ o (F(Eo) + (1 —6)Ko+ &\
1—5)K0+§0))_ﬁ( £ ) '

Our system becomes

1> B(F'(0) + 1~ 5)(F(K0) + Ug— 0) Ko + &))o’

(F(Ko)+(1—5)Ko+§o)U _wl-p
3 £ p
Choose &, &, ko, qo such that this system. O
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